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ABSTBACT 

Th« acchanlc«!  inttractlons b«tv««n rclnforc*tMnc «ad astrlx In m 

coapotlt« und«r load hav« b««n daacrlbad by ttrata distribution 

•quation« In th« fibon nod In Chn antrlx.   Although spoclnl attontlon 

has boon glvan to straaaaa raaultlng fro« polyaarltatlon and tmpmr- 

atura shrlnkaga,  th« aolutlon« obtalnad can b« ««ally adaptad for ua« 

with ti^ boundary condition« of axtarnal loads.    S«v«r«l caaaa war« 

conaldarad: 

(1) a cylindrical fllaaant of finita langth a^baddad 

in a raain cylinder; 

(2) a cylindrical  filaaant of infinit« langth a^boddad 

in a raain cylindar; and 

(3)    a aatrix supporting a cantral fibar «urroundad by 

six synsMtrlcally spacad fibars, aach la turn 

«urroundad by six othars. 
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SYMBOLS 

2«. 

«, A, A 

V0 

2b. 

'Ik 

Cl 

Dl 

1J 

'll 

DIj 

f 

df 

dC 

•it 
H 

radius of £tb«r before «nd after stress develops respectively 

radius of relnforcesMnts before stresv develops 

coostanta 

diameter of resin 

radius of resin cylinder before stress develops 

conatanta 

constants defined In aquations   (162) through  (217) 

conatanta 

conatanta defined in equations  (218) through (223) 
and equations  (269) through   (274) 

local strain tanaor including polymrlzatlon or 
tenperature contraction 

volusMtric change, or dilatation, or trace of 
the strain tensor 

strain tensor, excluding polynerlsatlon or 
teisperature contractions 

unit vector in the direction of particle length 

unit vector originating at point P 

unit vector originating at point Q 

Young's modulus of elasticity 

defined in equations   (224)  through (268) 

area element 

body force density 

body force density 

gage tensor 

Hankel functions 

defined in equations (178) and (179) 
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SYMBOLS (Continued) 

length of »pecimen before stress develops 

length efter shrinkage 

defined in equations (180) and (181) 

vector no mal to the particle area in 
relnforceeMnt or matrix 

stress vector perpendicular to area clement df 

index referring to point Q 

cylindrical coordinate in the radial direction 

function of the corrdlnate r 

original length of the particle observed 

length of the particle after deformation 

component of dx (u ) along tJi 

unit vector along the u coordinate (tangential 
to u ) J 

temperature 

general coordinates of original position of points 

general coordinates of displaced points 

local:ion vector of point in an unstrained medium 

location vector, expressed In curvilinear coordinates 
of point in an unstrained medium 

principal stress, or eigen directions 

cylindrical coordinates In axial direction (see Figure 6) 

coefficients of thermal expansion 

coefficient of shrinkage due to reasons other than 
thermal (e.g., polymerisation) 

coefficient of shrinkage 

eigenvalue defined in equation (430) 



(Contlnutd) 

6i defined in equation» (225) through (233) 

644» 6q Knonecker delta lJ  P 
&.. strain tensor due to expansion or contraction, 

* including shrinkage due to polymerization 

X a Lame constant 

• 

X      eigenvalue of the wave (defined In the Appendix) 

Alii..       tensor of elasticity 
/ 

I*  a Lame constant 

v  Polasen ratio 

; , 1        displacements In direction physical components 
of the displecement vector 

a    » aii stress tensor component 

a.. stress In radial direction 

a-, sheer In tangential direction 

(7 . ahear In axial direction 

9.. shear In radial direction 

922 ,trt,i in tangential direction 

^23 shear In axial direction 

a«. ahear In radial direction 

a32 »hear in tangential direction 

a stress In axial direction 

9 ^ cylindrical coordinate 

f potential function 

XI 
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SYMBOLS   (Continued) 

Superscripts: 

I       refers to reinforcement 

II       refers to matrix 

Subscripts: 

itJ.k.^»r,  or s free index 

I a set of orthogonal unit vectors 

g metric vectors tangents to the curvilinear 
J fnnrAinmtm    «1 ■■■!! t ■ coordinate elements 

du curvilinear coordinate elements Figure (l.b) 

G. metric tensor of the strained body 

ds differential arc length 

V displacement vector 

xii 

... 



This program IM« Initiated to provide further underetandlng of the 

mechanical interaction between reinforcement• end the matrix in a 

fibrous, composite material. The mathematical fundamentals initially 

established were a set of solutions of partial differential equation 

describing the distortions in both the reinforcement and matrix.  The 

solutions were kept In general form so that they could be used in 

establishing those Internal stress distributions resulting from 

polymerisation and temperature shrinkages as wall as those resulting 

from loads Imposed at the outer surface. 

Two ;asei are considered: (1) a cylindrical filament of finite length 

centrally embedded In a matrix cylinder, and (2) a matrix which supports 

a central fiber that is surrounded by six symmetrically spaced fibers. 

Undulating stresses apparently result in both cases. Complete axial 

■ymnetry was assumed In the monofilament case, while for the seven- 

fiber model, the stress pattern is repeating six times around the 

central fiber. 

The belief is that the first case has been solved rigorously in this 

work without any simplifying approximations or assumptions. For the 

latter case, certain potential functions representing the component of 

whe curl of the displacement vector and one function of volumetric 

coe^ressiblllty have bean set to zero; to date, however, there Is no 

rigorous theoretical support for this assuaiption. 

• 



litnODÜCTIOH 

Th« «trcngth of coaposltcs «ppcars to bt w«ll below that which night 

b« achl«v«d, wh«n th« avallabl« atrangth of the ralnforclng fllamanta 

la conaIdarad.*    Any attavpt to davalop ralnforcad coapoaita« with 

atrength-to>walght-ratloa hlghar than thoaa praaantly attainable auat 

ba baaad on amra covplata Inforaatlon concerning the mechanical 

Interaction between the relnforceaent and matrix In a coapoalta.    The 

eübeequent text auHaarlaea the mathematical development accomplished 

under a program whoae goal waa to more clearly define thla  Interaction. 

The Initial coneIderatIon la that of distortions  In two homogeneous 

suiterlels, one embedded In the other.    A consideration of equilibrium, 

a atreas-straln relation,  and a strsln-dlsplaceraent relation will  leed 

to differential equatlona for the etreaaea, atralna, and dlaplacemente 

on and within a eolld body.    Aa a specific caae,  a cylindrical system 

le coneldered in some detail.    Thla baaic development  la then applied 

to two ceeea. 

Caae I  - A cylindrical  filament centrally embedded in e matrix cylinder 

la etfdled.    Axial symowtry  la assumed.    The methematlcally rlgoroua 

aolution of the three differential equatlona of displacement la 

derived.    The proper boundary renditions applied to the solutions 

reeulte In the equation for atrain and atraea dlatrlbutiona in the 

coL.poeite.    Special attention la given to the boundary conditions on 

the  interface between reinforcement and matrix,  end to the ceae where 

external forcea are applied.    In thla manner the reelduel atreaa 

dlatrlbutlon In the composite  is obtained.    A specific numerical 

axemple of an infinite fiber surrounded by reein la given. 

Nanaco Research & Development, Potent lei of Fll—ant-Wound Compoaltea. 
Final Report, Contract NOw 61-0623-c(rBM),  San Diego, Cellf., Her 1962, 
P.   I. 
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€••• 2 - A matrix supporting a cantral  fiber chat is surrounded by six 

synaatricslly spacad fibars is  traatad.    Tha mathamatlcal  atapa ara 

similar to thora followad in tha first casa,  but ara much mora 

compllcatad aa  thara  is only haxagonal   synnctty around  tha  fibars.    This 

and othar gaoo^trlc   limitations ara assunad aa boundary conditions.    Tha 

boundary conditions on tha  Intarfaca batvaan tha rtinforcamsnt and tha 

composite ara tha same aa thoaa in tha slngli -flbar casa.    Tha basic 

aqulllbrium aquations   (axprassad in  terms  of displacements)  are con- 

sidered simultaneously,  and general  solutions  for tha displacements or 

distortions  in the composite ara obtained. 

• 
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—MH PMttMMM 

DIVEIDIMIHT OF 1ASIC EOOATIOMg 

The coapoMnc Mit«rl«lt of th« conposlt« ar« «••uatd to be under Internal 

and external etreeees. Included are polymerisation shrinkages and 

teaparature expansion or contraction phanoetena. The total strain 

resulting frosi such stresses Is represented by the strain tensor. 

In cylindrical coordinates, the el 

obtained. 

nts of the strain tensor are 

'11 dr 

'22 ■[''•-] 

(I) 

(2) 

'33 Ss- (3) 

12 

'23 

'31 

(4) 

(5) 

(6) 

Equation   (A71)  (A72)  In the Appendix to this report. 

• 



Equations  (1) through (5)  Introduced Into th« strcts  censor 

-1J -rh;{-.lJ^tJ(r^»Wt-Ht[—])) 
r«tult In «tress distribution In rsdlsl,  tangsntlsl, nnd «xlsl direction, 

is syabollsed In the following o , o,2 , o.. direct stresses In 

radial, tangential, and axial direction, and o.. » o.* • «7,3 * th* 
shear stresses In tangential, axial, and radial direction. 

(Mote: All of the stresses are written with subscripts, which Is custoa- 
sry for the theory of elasticity.    Superscripts I and II Indicate the 
stress In the relaforceacnts and resin respectively.) 

To obtain the dlsplace«snt    f J  ,    «J ,    tj    and %\l ,    ij1 ,    ^I 

ee 
the differential equations of dlsplaceiasnts     wust be solved.    Restated, 
the partial differential equatlona are 

In the radial direction: 

.... A   1 !!«i 1 A     1     , »!«2_ 

(7) 

2v   dr 2     tr2   *t       2   d.2       2(l * ^   r   dr d<P 

jk..   UM     ,L^^if!< 
2(1 - 2v)    br dt 2(1 - 2v)    r2   MP       1 - 2v   r  I dr        r *lj 

* Equation (63) In the Appendix 

** Equations (73) In ths Appendix 



In th« tangential direction: 

i !!»I + -LJL x A** »^ X a2!, 
1   »r»       l * 2V   rJ    S«2       2    S.2       2<l ■ 2V)    '   dr ** 

1 i!!b_ + j-(ii^^+!ii.i ür 
2(1 - 2v)    r    d<P a«      2r  I r    1 - 2v   d<P       dr       r    '2 

Äf (»fMSl^i-'-'H H *   o (9) 

In th« axial directIon: 

iÄ. ^♦JLS*   ^ -L ö2« 

2   dr2       2r2    ^2        l " ^   da2        2(l " ^    ar ai 

d2«2    . 1 i     d?i        l     dtt ______„  _-    i.    —i ^ -i-    —! 
2(1 - 2v)    r d<p da      2(1 - 2v)    r    di        2r   dr 

1 - 2v M Rl ♦ i, 1 ♦v (10) 

It can be seen that the three differential equations arc coupled partial 

differential equations which, by introduction of adequate aatheaatical 

potential, can be separated.    Before this is considered, however, an 

extensive study of the boundary conditions is presented to provide 

insight to the problea and facilitate its solutions.    The first is a 

finite fiber in a aatrix cylinder, and th« second condition consists of 

a aatrix and a cent a 1 fiber surrounded by six syawtrically placed fibers. 

" 



BOUNDARY CONDITIONS OF A SINGLE FIBER OF FINITE LENGTH IN A MAIRTX 

Consider a fiber of diameter 2a  and length 21      embedded in a matrix o o 
cylinder of outer diameter    2b      and  length    2t    •    The  index zero  refers o o 
to dimensions before any stress has developed. 

-  t 

V///////////////A 
Figure 1 

The system of the partial differential equations  (8) through (10) 

describes the distortion In both materials.    It Is 

5j(r. •) (10 

the distortion vector In the fiber and 

?1 (r. «) (12) 

the distortion vector In the aatrlx. The material constants E , v , 

0 , a i which have superscripts I or II refer to the reinforcement or 

matrix respectively. 



The  fundaowntal «quaclons of th« theory of «Usticity arc valid and 

tha raaultt obtalnad in cha Appandlx can ba udllcad.    Tha boundary 
condltlona ara laplaMncad by tha fact that both and« ara fraa 
fro« H  

If there ara no external force a, than 

(13) 

Is considered a set of boundary conditions. In aquation (13), 

•"(bn • fj " 

tfhx • ^ 
la tha atrass tensor (equation 7) on the surface of the matrix in the 

points 

|. - ^   ■   bjLB") ,.) 

and nj is tha unit vector noraal to the surface element in the 

point bT • * 

Tha length b.. " b 11-0 I, the outer radius shortened by the 

shrinkage of the matrix. But since n  is always in 1  (or r) dlrec- 

"j " 'u " »u <l4> 

so that aquation (13) become* 

'" (bn • -^ «ij ■ °n |fcn • •") ' »      »« 



or, sort •p«clflcally, 

"u ("n • •)   •   » <"> 

oH jb,, .  .)    -    0 (17) 

e,l jb,, . .)    -    0 (I.) 

By using the equation for the strese tensor,  these boundary conditions 
result in 

Dn (bii • •)   + 7^71  «a (bii • 'I  •  0 »« 

D" ("n • «I    ■  » t» 

B" |bn ■ •)    ■  0 (21) 

Using equations (1) through (6), aquations (19) through (21) becoew 

dr     l - IV»» LbU  »II 1" • 1 

ii *&A (22) 



äHW'1 (23) 

M?. .    «" 
5r|bii)'' +-3r|bn • •)- 0        <2*> 

Equations (22) through (24) can also be used for the infinite fiber. 

The boundary conditions for the fiber st the end of the specimen are 

'ij lr • ^1 0J * 0 

for    0    «    r    i   « (25) 

and,  for the Mtrlx, are 

for    a    *   r    *   b (26) 

In aquations (25) and (26),  consideration oust be given to the fact that 

the length    I   in both cases is suMucted to shrinkage, so that 

and 

10 



Bar«, the norml vector it in • direction (axial) 

"J   -   'SJ    •    63J 

"»lr • ^ + 7^7 »J« (r • ^1 • 0 (33) 

Equatloni (25) «nd (26) rttult in i-ht condlttan» for th* reinforcraent: 

and results in tha following conditions for the astriK: 

"M (r • ^ll) -   - ol\ (r .•<„) •   0 (30) 

"11 I' ' «til •   * 03" I' ' * *ll| *   0 (3l> 

0" (r • Si) ■ •o" (r • - hi) •0 <M> 

Applying equation  (7) again yields 

■i (r • ^l ' 0 (34) I 
D31  (r ' ^l   '   0 (35) 

11 

T 
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»M (r • «nl + 7^« »S (' • ^J " 0       <3t) 

•si»'«iii ■o   <57) 

D" i» • »Sii •o   (38> 

and with «^uatlons  (I) through (6), 

i 

41- ■ -«-i) • 

»I 

»d.      .      »t1 

3r   (r . t^JJ 

<3») 

|r . tU      -    0 (40) 

äT |r ' ^    *     ST   (r • ^J     •   0 (4l> 

(«) 

12 



it11 

i- lr • ^il ■ 0     «3> 

»il1 . «" 
9r |r • 'hi] + -sr (r • »«nl • 0     <**> 

Equation*  (33) through (44) «re twelve boundary conditions relating only 

to the   finite-length fiber.     Theee conditions must  be set.sfied by the 

solutions of the differential equations.    To define the problem for the 

infinite fiber,  the  length    I   oust be essuned  to approach infinite, 

which  ie a separate aetheraetical problem. 

For reasons of symmetry,  the  following conditions are valid: 

I I 

S}1    (r  .  t)    -    5J1    (r  .  - a) 

5"    (r  .  •)    - * 5"    (r  .  - «) (45) 

«"    (r  . s)    -"Sj1    (r .  - •) 

Since  la the plane    t    •    0    , equation  (45) must be satisfied,    {. 

can be developed and represented by Taylor's series. 

_^^^   n.    -s. n      x n • o ds 

n "^0 ds 

13 



or 

l  ■  o ^1 
(46) 

Fron equation  (46),   it   follow.   Chat  for    1    -    1   ,  «11 uneven partial 

derivatives with respect  to    s    at the  location  (r   ,   0) wist vanish 

identically.    All even partial derivatives with respect  to    x    vanish 

for    t    -    2 and 3 ,  so that 

a2rt*1      i ii 
H C  * (r  . 0)    •    0 

and (47) 

2n I  II 
2n    «2.3        <'  ' 0>    *    0 

ds 

The solutions of equations (8)  through (10) must satisfy equation  (47), 

A third sat of conditions can be derived from t.     fact,  that on the 

fiber matrix interface,  two neighboring particles of the two materials 

must remain  together during the distortion displacements.    First, 

assume that both the  fiber and  Che matrix are made of an homogeneous 

material.     Secondly, assume that Che shrinkage of a cubic particle of 

the  length     1    is    1  -  ß      and     1-0      respectively.    Third, assume 

that    0      > 8    •    Then the fiber will also be compressed in all direc- 

tions.    As a  result,   stresses will develop  in both materiali.    Before 

the  stresses develop,   the  comraon dimensions are    a     ,     b    , and    t o o o 
If the fiber were not present,  Che inner radius of Che resin would 

shrink freely until  iC would assume Che dimension 

." •  .. |i • a") (*« 

14 



Alto, the outer radius of the resin reduces 

b11 - bo (l - B11) (49) 

end the length bee 

I11   "    t. ( I - •") (50) o 

A particle  In the matrix with the original coordinates 

Similar results are obtained  for  the  coordinates of the reinforcement: 

I a 
o 

<• - t. o 

(1 - B1) (51) 

(l - B1) (52) 

A glass cylinder in a hollow resin cylinder   is depicted in Figure 2  in 

order to illustrate  the distortions caused by the difference in shrink- 

age and thermal expansion of the  two meterials.    Each meterial by itself 

would shrink to the cylinder sise  indicated by the thin lines,  but  is 

restricted in this case ty the presence of the other material.    Since 

material particles must  stay in contact  in the  interface,  the  point 

P      (in the stste without stress)  settle at the common location    P o 
inateed of moving to the  locations    P       (for the reinforcement)  and 

P..    (for the matrix). 

15 



 1*0- -I 

nCoMpoait« 
Siijp.   before 

^   Shrinkag« 

 ^vi? - 
Fret Reinforce- 

nt Contraction 

<y Free Matrix 
Shrinkage 

Defonwd 
tmpc» 1 te 

(«)    Diagram Depicting Compo- 
nents before and after 
Independent  Shrinkage 

(b)    Composite Shape 
Resulting  from 
Combined  Shrin- 
kage 

— •(! - f»1) ♦ e, 

MatrIK   brtofr 
ShrInkagf 

Coeiposl tr 
Intrrfacv   h*forr 
Shrinkage 

ReInforceraent 
before Contrai • 
lion 

Free Rclnforceaient 
after  Contraction 

Coaipoattc   Interface  < f ter 
•hrinkage 

d   Cimpuaite 

(c) View A (Enlarged) Showing Combined Shrinkage 
in Relation ro Independent Shrinkage of Both 
Hateriala 

Figure  2.     Reinforcement Cylinder  Embedded  in 
Hollow Matrix Cylinder 
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Th« total distortIon P f    can b« described In tv" wayi: 
o 

"C ■ \% * V <53) 

'. ' - 'o »11 * 'll ' <»*> 

P- P Is th« distortion of th« r«lnforc«8»nt cylinder as In th« points 

Th«r«for«l 

V* • «J|*.I1-»1) .»I1-81)) (J5) 

Slallarly, distortion for th« aatrlx Is 

Th« voctors    P    P.    and P   P..    ar« dlsplacsaents of    P     «    ,  i      In o    I o    II oo 
the Interfac« of I and II,  so that 

«nd 

'o'll   '   *?   m   ••uV"    *   «31 •»II <») 

i; 

r 



Using equation« (53) and (54), and equation! (55) through (58), the 

follow ng relation exist«: 

P. f - P., P - P P.. - P •, 
I     II      o II   o I 

The  «ub«equent boundary condition equation«  follow from equation  (59): 

JS1-»"!  (60) a . 
o» 

^.|« -»') •  -I» - a1)] - ^(..|. - a") .  .(. - .")] 

- «(e1 - B11)  (62) 

Uting the tranefortution« 

r1 - rjl - a1) (63) 

18 
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(t-B1) 

In «aterl«! I, and th« trans for«« don« 

• " ■ .(i-s11) 

in attcrUI II, equation» (60) and ('  Chen bee 

?lla » « I ■ ?1 I4  • « I " *  * a 

,i/ i  n  .ill ii  ii)   ii  i 

(64) 

(65) 

(66) 

(67) 

(68) 

By taking into account a strip PQ and its elongation or contraction 

during ths process, and considering Figures 1 and 2(c). 

*J " »7^1 ','ffI ^^I5 (69) 

But it is 

T - - «[('.I1 ■ »'I ■ -I1 - »l) 

and 

*?■ «I(-.I» • »T • (• ♦ HI» - »1 
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^•.{»•^.•^•I^l«.!'-»1).-!"»1!!^-»1)^ 
Writing    py   -    V        ihen equation   (70)  becomes 

i ■ H»^^|«.l>-»,l ^•TJ} 
end  for the metrlx become« 

.II VT      -    Ar (-^^(•ol'-'11)-!1-«"!} 
Since 

v1   -   v13 vi       vi 

it follows that 

(71) 

(72) 

(73) 

(74) 

Equation  (74)   could also have been -obtained by differentiation from 

equations   (60)  and  (61);  this method can be used to verify the procedure. 



On  the   interface of  fiber and  resin,   there are  the normal stresses  in 

both materials equal and opposite 

'I • 'JJI'.!1-»1) ••(,-flI))6ij <75) 

>? - ■•S(-.ll-»aM'-»nK 
and 

P[   "    * P" (77) 

Consequently,  the stress boundary condition at the  interface  is 

-    0      (78) 

Expressed  in coordinates,  equation  (78)  is 

^-I)-'|-«1l|-4o|-«I1).«(-BIIJ 

'}1[-o(,-Bli-i-»i)]-4^-8lI)-iii-ei-o iw 

4,(1 •e1)..(1-.
I)]-a«[.o(l-a")..(!-.")]. o      (.o, 

^(i.B'l.^-e1)]-^.-,")..!.-«")].  o      c, 

The six boundary conditions on the coonon surface of the fiber and rtsin 

are given in equations  (60)  through (62) and equations (79)  through  (81). 

21 

" 



Sclutlon of thm DlffTMttal taxation» for * SIMU FibT in thm Matrix 

After having ••ubllahcd all boundary conditions,  th« dlffarantlal 

tquatlona  (9) through (11) ara traatad.     Th« dlffarantlal aquations 
for ona slngla flbar ara brought Into tha  forma 

P    ?     '^      r2)^ V       r^        r2 0      (82) 

»r2      iar      r2*2     a.2 (•3) 

^^•^)(S'4'^) (84) 

First, aquation (82) is solvad by aattlng 

a2!,  a2!.  . d«,  , 
(85) 

whar«    0   aaaat ba a solution of 

aV    aV     1 ***     ! 
(86) 

According to larnolll,  thia aquation can ba solvad by aattlng 

^    -    ^(r) I^s) 

" 

I 



and th« following ordinary differential aquations obtained: 

d.2        X    ^ 
(87) 

(83) 

with the aolutloni 

•i«     V-ix. 
r.+ix. 

(89) 

(Ur) 

^(r) 
VH^dXr) 

Hence, aquation (85)  la 

(90) 

a2?,  a2«,  , dl 

at'  ar 
r^rif1-^«! " »i««iC») (91) 

Ualng a procedure elailar to that uaad for aquation (86), the ' »1 lowing 

la aat 

I, - »(r) Z(a) («2) 
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«nd obtained   (Ref.  2) 

zd.2   EW   rdr ik-}- (93) 

TWo ••parablt  €«•••  «xlst wh«n 

Z^«)    -    a Z(t) (94) 

«nd wh«n 

R^r)    -    0 R(r) 

Both cAiiot are possible solutions and the sun of both Is another 

solution. For equation (94), It follows fron equation (93) 

Zd.2   RW  rdr  r2      l    J l 

(95) 

(9^) 

from which It follows that 

^kjz - 0 (97) 

and 

dr 
4iÄ + 

r di 2  r H-^l' a R^r) (98) 



BttcaiM« of  (87),   (94),   and  (97),   the  following «xlaci; 

kj    -    X. (99) 

«nd equation  (98)  it 

^Hhp-;*)«- avo (100) 

R.(r)     in equation (100)   it a  linear  combination of the solutions, 

defined by equation  (90) as Bessel  functions.     The  total solution of 

differential equation  (100)  is: 

R(r)    -   Aj J^iXr) •»■ Bl H^^Ur) ♦ C^ J0(iXr) ♦ üf H^iXr) (101) 

For the  first case, or equation  (94),  the general solutions are 

||    -    ^ JJUXI) -► Bl H^UXr) ♦ Cjr Jo(Ur) > 

Y Ho(iXr)l LiU ♦ al e"Ull (102) 

For the second case, it follows fro« equations (95) and (93) that 

l d2z   Zl<,)    2 iJjf^-V " k2 (I03) 

^^fM^-M11 " 0 
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B«c«us« of equation (95), th« tquttlon« (104) and (88) art Identical, thu» 

k2 -IX (105) 

and aquation (103) become» 

4fx22 - a.u,^e.*u« (106) 
dt^ 

Two independent eolutlons of equation (106) arc already found in 

equation (89). The two other solutions can be found by setting 

I(t) - Y u(i) a^ 4 6 v(«) ••Ui (107) 

Equation (106) with equation (107) becones 

Y(U
11
 ^ 2 ulU - X2u).^U« ^ 6(v11 - 2 vlU - X2v).-U« 

• a ^ ^ | •miU     (108) 

Pro« aquation (108), the following Is obtained: 

u11 ♦ 2 ulU - X2u « - (109) 

v11 - 2 vliX - X2v »| (110) 

I' 
Since a and 0 are coe^lex, It follows that for the imaginary part 
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vl - --L. I«. -  - d 1 v      2X  l■•, I 6 I   d2 6 

Contcqucntly, 

u(t) - -f I (III) 

'(•) - if « (112) 

The real part gives solutions slrssdy known, and «qustlon (107) 

bocoMts 

Z(.) - Cj.s^^dj.s"1^ (113) 

The complete solution of the ordinary differential equation (106) Is 

Z(.) - a2 a
1^ ^ b2 s^« ♦ C2. a1^ 4 d2« a^

1      (114) 

and therefore tha total solution for tne second case 

Xl    •   JA2 JjOXr) ♦ B2 H^dXr)! p^« •► a2 t.tti f 

b2ss
Ur *■ C,£ e^M       (115) h. .'*] 

Tha total solution Including both cases Is 

?!    "    ?! ♦ ?! (116) 
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or 

l^r.i)    -   [ij J^Ur) 4l2 ^(iUjlL^ ♦ i2 •"H « ♦ 

t  J^Ur) tlj H{l)(Ur) ♦ ^r J0(Ur) ♦ 

Using th^ •«■• proc«dur« for th«  llitortlon vector component  In axial 
direction, differential equation (84), a solution analog to equation (117) 
it obtained: 

C3(r..)   -   [X2 J.dJr) ♦ I2 H<l)(lJr)][.lJ' * .% S1**] . + 

[ij J0(lJt) + Bj H,<l)(ljr) + Sjt Jjdtr) + 

B^H^dlDlJ.11'^.-1*']      (U.) 

The general solution of equation (83) Is similarly obtained;  this Is 
a partial differential equation which results In e Bessel equation of 
first order and a differential equation of exponential functions 
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«nd 

a.2 
Sz 

The solution of equacion (83) is the susi of the particular solutions: 

i.e.. 

MH [^♦^♦^♦[ijj^llr)* 

l2H{l>(iTr))[.lJ^a-2e-^| (119) 

The solutions for the distortion vector components in the reinforcement 

(superscript I) and the matrix (superscript II) are as follows: 

In Radial Direction in the Reinforcement: 

^H ' 51 ji(ixIr) IAI coi xIt * A2 ,üI ^■J s ♦ 

KK-M-'OK) AJ cos V1« ♦ äJ sin \ H (120) 

In Radial Direction in the Matrix: 

<"(r'0 * y^.K'r) ♦ .J1 ■J«(uIIt)|(AIU co. XU. 

•^ 

■ 



««r J0(u
Ur) ♦ .^r $>{lXUJ\]U]1 co. X11. ♦ A," .1» XU.l        (Ml) 

In Axial Direction In th« R«lnforc«atnc: 

«J('.«)    ■   T ^(lu^j (•[ cos /■ ♦ BJ iln /■   i + h^ivr] ♦ 

M 

bjr jJlM^)] [BJ cot M1! + BJ tin n'lj        (122) 

In AxUI Direction In tYm Matrix: 

M 

.2".l.M11.).*(JoK
IIr)^r"i1)(^nr)* 

". t (< "J 4. w"  «(Or, 11 »11.11 i3 r J^lp   r| ♦ b4 r HJ 'j Ip   rjl   B3    cot u ".    ♦ 

B?1 tin v11* (123) 

In TtngntUl Direction  In tht Rclnforccawnt: 

^jr.tj    -    rjc[ * c2 "I +  7" Jl(lvIr)(C3 coa ^ 4 C4 ,ln V1«) <l24) 

• 



In TangentUl Direction  In the Matrix: 

II 
«2 M ■ I'^^^-l^il^4 

cj1« Jl>|lAi (cj1 co. v". ♦ Cj1 «in v11.)      (125) 

jpUiiUaa 9l tht hi^ttoai tg thi Ihr^inilirY CgadtUgM BaMUgM for 
tht tottgtUgn CgQitanti 

PrlBMirily,  the tolutlom must Mtlsfy the boundary conditions expressed 

In equations (60) through (62).    The right-hand side of equations  (60) 

end   (62)  can be expressed by a Fourier    series In the dosnln 

o o 

The following can be stated: 

£(- D0*1 cos af* 
n-l 

I - 2 ) (- I)" ' cos V* (126) 

and 

2 <-« V/. n0^1   «n. 

n-I 
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•o that tqufttlon  (60) CAR be written In the followlnt font: 

«Jkl« - »M • •!• - •I)] ■ «^.1« - n • •(' - B11)] 

2 .„(l1 - 8") £(- D"*1 co. 4^     (tM) 

Al«o, «quAtlon  (62) can b« written In •tmiUr form: 

n      .m M*    (129) 

1h« following It obuined for «quntion  (128) by introducing th« 
Analytic«! value« for tha diaplacaannts: 

*J.^.(l-e1)|}.|1-BV(^uI.o(.-.1)) 



-JH^I-^-^^lu11-.!1-8")) 

A2    •In 
{.".(LB"))).!.^")^^11-.!1-611)- 

? ^>|u« ..(. - B")) ♦ .J1 .,|, - B") a#(tt« ..(. - B"J 

(l - B11) ■«»jtt11 .0(l - ptyU1 co.[x".|l - B11)]    < 4      o 

^ .t„[x".(l - B11) 
n-l 0 

(130) 

Si« following la obtained for th« boundary condition axpraaaad by 
aquation (129): 

I ^..(LB'lj^co.^.ll.B1))* 

.^.^.(i-B1))).!.-.1)*^1^-»1) 

^..(.-.^^.„(LB^^^II-B1)) 
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♦ ij •lnLIi(l - ß1) l {•".(^•.i'■»i 

.2" .4".|l - e"))) .(, -,«) + ^j^n.,(,. 8") 

b4" ..(. - a") •.<'V .J, - 8")|)[,II co.(u".(l . ,xi)) 

M».|i - B")[}   - ^ (a1 - a") £^i .u «^ (uo 
n-l 

IquAtlons (130) and (131) ar« idantlcally aatlaflad only whan 

*J    -    AJ J1  -  *,"  •  a? -  ai  -  t}1 . a."  "  0    »»» 

fur thar, 

AJ- - •! - ■? - o (133) 

la alao valid. 

1 

. 



The following c«n also b« concluded: 

*» 

wher«    n    ■    1,2,3,4--- 

From Chi    the   following eigenvalues will exlat. 

'^    ^TTF 

^.F^ 
Then fro« equation  (130), 

(134) 

X1^ - ß")    -   f (135) 

ixl{l - B1)      -   f (136) 
o 

u"|l . B")    .   M (,37, 

^   •    U1    -   —/""    ,1 (13«) 

*"   -   u"    -        I ""    „1 (139) 
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♦ .« .„(I - ,«) B<1'jl» ^.j}  -   2 ..(,» - B"j   (- l>"»»      (1*0, 

th« flxit «quaclon for th«  lnt«gr«clon conatantt.     Ih« ««cond «quatloi. 
for th« integration conaumta follova froai aquation (131): 

►«..(, - a") ^y - ^^Ple1 -.«)    (m, 

By conaidaring th« boundary condition axpraaaad by aquation  (61), 

a o l-^-M-»1)) 

V 

cj.up.li.e'lj}-^-»«) 

•? nr^K+e" •(• - •")) - 

• i 



rttp1 •.(• - *i1] * 

f ^(ivP ..(. - 6«)| j cj1 c«. v" . (. - .")) 

Cj1 rtn jv" .(l -»"))]    •   0 (Ul) 

When equation (142)  it considered,  then, «11 coefficients fro« eine 

end cosine  functions  from    s    dissppesr  Identically 

C1    -    C1 cj   -   cj   -   0 

II   .      II    „      II    .11-0 
Cl C2 C3 C4 

Iqustlons  (120 through (125) can now be written,  representing Che 

distortion si follows: 

OitpleccMnt in the Reinforcement  (Rsdlsl Direction): 

(143) 

(144) 

'H ■ &('■!'^t] 

■ä-M'r^tÖ-^r?) (145) 
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DlipUcement  In the Matrix   jUdUl Direction): 

!"H-^^>t + ." H(1)II—»n -*-! + 

'"-+7^^ 
& 

H(l)fi —v- JS\co,    ■ n"i  .    (l46) 

01fpUc«a«nt In th« Rainforcement  (Tangential Direction): 

Cjjr.tj    -    0 (147) 

Diaplacaaant In tl.a Matrix (Tangential Direction): 

DiapUceaant In the Reinforcement  (Axial Direction): 

^M-^Rr^tl 

Hlrjn?ti}'ln;^) iun 
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Olipltcement In Che Matrix (Axial Direction): 

n"l 

The boundary conditions «xpreeiad by aquations (39) and (42) auat now 

is satisfied. The displaceaent given in equations (143) and (149) 

ere substituted into the boundary condition expressed in equation (39): 

• 

^^T^tlj^T] cosnrr -f 

^fS':^"i'u^) 
^r2 Jollr^tl)cos,m ■0 (l5l) 

- * 



Utlnt dlfftrtntUtlon forsiUt of th« cylinder functions, 

S<""('-I'^,r^[^ii^,:* 

-    0      (1S2) 

In oquatlon (132), all coofflcloats of th« BOSMI functions   J 
sad    r J.    dlssppssr bscnuss ths squstloa ssist bs sstlsflsd for 

sll    r    In nstsrlsl    Z    (rslnforcswint);  this results In ths two 

subssqusnt squntlons: 

.;.;(■..■)..■.4.; .. 

Equations (153) snd (154) rsprsssnt ths third snd fourth squstlons 
for th« Intsgrstlon constants. 

(153) 

(154) 

- 



By utilizing *  •ImlUr approach and the conclusion that the exprenlon« 

■ust vanish for all r In Material II  (matrix), the subsequent equations 

are obtained for the Integration constants by Introducing equations (146) 

and (ISO) Into the boundary condition expressed In equation (42): 

I1 - A   im «i »i1 + sl   im »i • *\l * 1     'to!1 - n 4      *„(' - »"I   3 

2V".JIäJI    -    0 (155) 

|l - v")  bj1 ij1 - v" 1 Aj1 .J1   -    0 (156) 

ll - v")      .■"    ... b" • 4 
JBL o^n I a2" 4« . 

2V11 a" A11 (157) 

I.        Ill  WII „II        II i    II AII A (1 - v   |  b4    B4    - v      I a3   A3     -    0 (15«) 

he end conditions of a finite fiber resultsd In equations (153) 

through (158). Mote that the boundary conditions expressed by 

equations (41) and (44) are autoaatlcally satisfied and hence do not 

furnish equations for Integration constants. 

Two additional equations for the Integration constants are obtained 

when the boundary condition equations (22) to (24), which states 

that the stress vanishes 00 t... surface of the resin, are satisfied. 
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Introduction of the corresponding solutions  for distortion  from 

tqustlons  (146) and  (150)  into equation (22)  yields a Mthenstical 

expression containing terms, with s coeaeon coefficient 

cos nrr 

Since the expression oust be tero for all values of s , and since the 

cosine is not of this nature, the complete expression mutt vanish. 

Use of this conclusion results in a ninth equation for the integration 

constants 

•s'^pft'.H ^Uinni^-^J (intT^U 
. «"    o *. I  - P 

inrr imtl* 

ill- v11)  bonn J 

^1 |. - v") 

11 

i |l  - v'*|   bonn Hj 'lifm 

T^^fht)^"^1^ 
42 
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0      (159) 

A tlailar tquatlon it obtained,  utlliting «iaiUr  conclusion«,  by using 

th« boundary condition «xpresscd  in equation  (14) and  the solutiont  from 

equations  (14^) and (150).    A« in the foraer cases,   the coefficients of 

the trigonooatrlc  functions ssist disappear, and the  following equation 

is obtained: 

..« 

b." H^j/ton " 

2 ^hy^»"*.!'-^'.hi) 

'") <l,h bt} •" bo   (l '  •"'   Hy'linti -f-l)   '    0 (160) 

Two additional equations for the coefficient are obtained fro» the 

boundary conditions given in equations (79) and (81). Substituting 

o.. and a.,  into equation (79) yields an equation containing 

cylindrical functions multiplied by cos nir •*• . Since the equation 

base sMSt be satisfied for any 

cos im • 
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the  coefficients of this express   m rau      vanish,  and  the eleventh 

equation for the coefficients Is obtained.    Equations  (145),   (146), 

(149), and  (ISO are utilised. 

I'^-^Rfr^^ 

- to i« ■ v1) 4« y)] * 

ih 
nn 1 - v II 

1 - I 
II J   linTT -Al •♦■ s, II .    i - 2V 

i on l-v" i ■** 
l-l" "o<l>l- i ♦ ^^ita. ^i 

inn ii-^^h^l^^hy- 
44 



-lnn;*(l-v")H<l>(ln.yj + 

^•.Ii-»ul'4-y^jl..('-»1,l-i(l>h5; - 0  (161) 

Using the boundary condition expressed in equation (81), the following 

twelfth equation for the integration constants is obtained after intro- 

ducing the functions for a.- and a  : 

r^H'-RH I      Ol 

£ L 
l + v" l - B11 
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I1 -'") ^ tjl ■ ♦ «^•Jl   -  a"|   Hr'Un^ -*\)   -    0' (162) 

lh« tw«lv«  «quaclons  - equation»   (140),   (141),   (133),   (134). and   (133) 

through (162)  - «xhaust «11  tCvhnlc«Uy «»««nlngful boundary condition!. 

Th« coofficionta to b« dctcralnad by these equations «re 

41     A1 a1     A11      Af1 «"      A11 «"      A11 «" 

I        I    I        IX        II    II        II    II        II    II ■5 . ^ b3 , B4    , B4   b2    . B4    b3    , 14    b4 

The tv«lv« «quations are  inhoaoganaout and  linear. 

At  thie  nolrit.   the ohvleal probl— of ime  finite-lenath  fiber   in a 

■atrl« ii aolvai'. 

The determination of the constant  is a problaa of pure mathenatical 

analysis,    further interrelation to the physical problaa is unnecessary. 

IWter«lMtton of the Intaaration Constants 

•«causa of aquations  (133) through (138), tha coafficiants 

,1. •' *\. .J1..«bj1.1« *? . «- .»b» 

can ba •xpr«ss«d by th« corresponding A coefficients.    Equations  (141), 

(139),  (160),  (161), and (162) can ba transformed by this relation. 

Equation (140) can ba taken without transformation and restated as 

4» 



2  1     tj   J  o      ' "    t0| 

4  o ('-«"K'i-y} 
2*o{nl  - B11)^ I)"*1   (163) 

Only th« result« of an «xttnslvc an«lysis ars glvsn In thm  following 

flv« squatIons. 

Equation (141) bacoass 

 *■ (l A! J IWT r*) ■► A? a! 1 - tl\l     -^ J lim r4 ♦ 
1 - v1 ^   3    0 ^b'        3    3 P /*o [«m    o t0 

Jj«'J«- W - * *r •" <b(i -»"); 
o o »n     -o    I"" to 

irfWi^VU 

^^^K-.11)     a**, 
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Another equation It obtained  through modification of equation  (159) by 

introducing equations (155) through (158) 

iA11 i a3 (£ rf' M- y 
1 - B11 1 - v"     01        to( 

fl* 
A"."/.iii^-fc£Ha)|limj 

A11 

3 

nn-r'' fr H.^7 imr-^ >   -   0     (165) 
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Next, equation (160) If tranaformed by Introducing tquatloni (155) to 
(158).     Consequently, 

A11 •? 

1 A11 ." 1 A3    \ 

'.i1 

^.i 

,11 | b 

^<l)^f -    0    (166) 

Equation (161) becomes, vlth equations (141), (153), and (154) 

t Ai ^JL-— -^ f i - ^v1^ I v1)2, L, u\ 
\jl + v1)^ - 2V1) 1 - B1 \ I - v1 0l        Si 

ife I • 2V1 
1 J.flim ^ a       nn II        I, 

0\ll + v1(l - 2v)    ^ l'V 0*       *« 

il i^ 1 J,  Inn 
wo 1 

I    ~ '11—" t i 
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'fi" y} ■' •!' |, !"°t|: .".■■) r> {-I'" t) 

■''•i'|.^^'-.v"l{"J-|-,y- 

2 E11 V" t 

OTT |i + vII)(i.2vII)i-e 

,i   aii 
ii (167) 

SO 



FlMlly, equation  (162) must bt trftuiforned by «xprcitlng «11 B'a by 

4's by atans of •quatlont (153) through (158). 

h'tf <b ! . 2V11 

o 
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• 

. .« .u        f\       L x - v"- zifV t \im i) . 
3     3    |l ♦ v1^ - 2V11) ^" 1 - v" 01       ^o/ 

0    (168) 

To slaplify, th« six conttants reiultlng froa «quatlont (163) through 

(166) c«a b« dofined by 

* 1 Ai * Cl 

•1A3 * C2 

II 

• 1 a 

1 A 

IA11 
A3 

IA11 
A3 

lA11 
A3 

C4 

" C. 

(169) 
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The coefficlenct C  fo C, «re re«l nuabera. Consequently, the •olu* 

tion« expressed In equstions (145) through (150) can be written by 

•dditlonelly taking Into account for ff and 5-  equations (153) 

through (158) In the following for«; 

telnforcement Distortion in the Radial Direction: 

n*l 

«t'^J4 r^tl-nT^f (l70> 

Matrix Distortion In the Radial Direction: 

^••»•^{vM^t) 
4 I I 1 - B" M   5   Ml- 011 ^oi 

i'T^thtf^ C6r 1 H^jl -—TT^Dcos -T^^T      (17U 

RelnforcasMnt Distortion In the Tangential Direction: 
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Matrix Distortion In the Tangential Direction: 

«?H (173) 

Reinforcement Distortion In the Axlsl Direction: 

n"l 

e2t jj 

Matrix Distortion In the Axlsl Direction: 

I'^tD-^r "'" 

n"l 



■ 

The Beisel and Htnk«!  function! 

■u«t b« ncognlud <• r««l function! for x > 0 . The« function! art 
tabuUttd In the literature. The following Idantltlaa laterralata the 

above function! and the wcallad aodlfled Beeul function!:   (Kef. 3) 

lapac tally 

MTl 

2 

ani 
1!      2    H(l) 

•»ol1« 

.Si. 
!       *    0 .(-I 

1  .«(I. 

l2H<l>(lx 

Ul   •   'al») 

-I   ■   5Ka(«l 

*\ 

i   J iH • M'l 
. i 

Introducing further abbreviations, 

nn a 

» 

f 

a») 

am 



nn b 
 A   .   >„ 

(l + v1)}. - Jv1)   "  ■' 

l" 

(l + v^jl-lv11)   "   ^ 

In Addition,  th« following It tot: 

•x   -   ij     a"  -   a2      v1  -  vl      v"   -   v2 

Th« following aquation «xlsts for th« dcttrmliuition o* th« 

Cl (1    -    1 to •) 

t 

(179) 

(180) 

(181) 

I     Ci    •   D     wh«r«    J   -    (I to 6) 

Th« 36 B'« «r« d«fln«d according to th« «quatlon« u««d to this point of 

d«v«lo]NMnt: 

»,i    -    -^lik) (182) 11    '    '^'H 

»12    *   ^ (l - *l] lJlfr] <lW> 
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•U   •   ^'ll"!) 

XI 
'u - k^riN 

»15   • 

•w 

»..    •    - .    '      I Ik.l 
21 l * vl   0' " 

'24 1 •  V. it   o N 

(ISA) 

(185) 

(186) 

(187) 

(188) 

(189) 

(190) 

(191) 

(192) 

(193) 
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•j!   •   0 (IH) 

»12   -   0 (l»5) 

•33 - ^TTT*M>«hi-?>-V«l''J <1M> 

»3« ' ^ rr% * «.(^ * ^ T±T2 J »,K| <l"> 

35 

^36 im [      I - v2       TT Mk2) + k2 I - v2   n 
Kl|k2|j (195) 

»4! ■ 0 (200) 

»42 " 0 <20]l) 

»45 " ^o|l * P2)[k2  M^l * 2V2 ^W] (204> 

B46 * <bll-Ö2)[k2nKo(k2|-2v2nKl(k2)] (205) 
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B • D5l 

B
52    " 

»53    " 

»54    ' 

'55 

'56 

'61 

1 - vl    I- Bl h\*i] 

im m, (l - 2v,l 

• p ")V • 'I) M-O - • • 

■i     I l " 2v1      .    »      I - 2V, 1 

'62 

B ■ D63 

'6A 

■i ^F1 - 3vi i *  i - 2vi     . »1 

r^? ..hi • ^ ..I-.!] 

^[^-.Kl-^i.,!',!] 

(206) 

(207) 

(208) 

(209) 

(210) 

(211) 

(212) 

(213) 

(214) 

(215) 
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ml  fl - v, - 2v? I - 2v. 1 

Further, 

Dl 
. 2 <■- 

OTT K - M 

D2 IITT (Bl-62l 

D3 
-    0 

D* 
-    0 

»J 
•    0 

D» 
•    0 

Nuawrlc«!  Deteralnatlon of C't: 

Glv«n dlaantlons: 

•o       bo       Lo       ,l        '2       Vl       v2 

h        e2 

60 

(218) 

(219) 

(220) 

(221) 

(222) 

(223) 



B«alc  computation«: 

ki    -    ""L 
o 

nn b 

o 

•L "1 ■ p^jpl^j 

ai 

Definition«: 

,, - 21>1)'1hl;ij.j
i!hh^hll 

«J »l|kl) + kl Ko|kl)[al - «jj "»> y2   -    2v2 

r,   -   ijfcj^l • 3V, ♦ vt)] ♦ ^(l • 2Vl) btdplJi]} (227) 
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(228) 

)- 

ll(l - -.) (229) 

m »2 ^l"!)     " 'ohl^l1  * n 

l + W^  <»0> 

a, k, I lk.1 « 
»2", «iKi+3 ^ ;BI U g 

lkM 
hi 

Ojjl ♦ v2) * ^(l  -  vj]   Ko|kl) 

l.-,l-^ 

(231) 

(232) 

v?l'-v.h0KhiKl- v1l^v,l'.(-.l'J"1l 
MN 

(233) 

'3    *    V2(l " -i][ l.|kll  *    kl  Mkj]  ^l|l  ■ -2) kl 9rf (234) 
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■    ^l1 -  Vl)[2 Kolkl)   ■ kl Kl(kJ 

10 

11 

12 

13 

,      v.  k.   I  Ik, 

■ v2) hN + kJ '.I":) 

I "iN * k2 «.Is) 

^ - ^ ♦ »KK) ♦ si1 • »^l «iW 
I, kj   ♦ 2v2 I, k, 

.(Kj) - 2v2 ^(kj) 

2^    v,|l - v. W v.li • v, 

F^I JJ I Ik, -alii 
'."i 

-M'*-^*^^^1 

(235) 

(236) 

(237) 

(238) 

(239) 

(240) 

(241) 

(242) 

(243) 

(244) 
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»u •  Y 

15 1 - VJ    'ij kl)      2 

r      •   k 
2 h[kl] r5lkll 

F17    "    Y4 

IS 

.2 bbl li 
1       MN 

«Jv.ll-vJ^vJl-vjl  Y3l|»cl 

CU F2[k ) 03 

V54 

f19    ^    Y6- 

'20    "    V7- 

'21    ■    V8- 

f        -    l-A 

l^v^Vmrjl-v^^FjpJ V3J 

al r4 Y3 
I - 2^)  v^l - v2] q^j 

', Y 

K| Vl      'l 

22 r, Kir2| 

(245) 

(246) 

(247) 

(248) 

(249) 

(250) 

(251) 

(252) 

(253) 

k«     r 
f        -    F      -—^- -^1 Ik I r22 10      I - 2v2 F6    11*21 

(254) 



'J* • 'u-r^jq- '-I"'' "»> rj hN 

25 l3 F6 

k- '-'iiikii 

r27 r15      I - 2v2 F6 

r.r, 

k. L.     r, r 
r 6 

r30   "   '20 + nil - Jvjl F4 'l? 

'n 

r33 '29 nn F22 
r28 
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(2J6) 

F       .    ,     ♦ I ft    12    Ilil (257) r26 FIA      I - 2v2 F6 
1257, 

(258) 

F28 ■ Fi8 + -2frLI (259) 

f29 " ^t^STpTCT-^" <260) 

__k2__r9 

F3l " r26 ■ A -^ (262) 

f32 * 2 '27 - i ^^ <*"> 

(264) 



r34 r30      n F22 
r28 (265) 

35 11     '34 F 

r36    "    '21 

31 

Lo F3i    33 

then 

TT fc  Il1 F 

•4 

"'ciL!l, Li . i Iji e 
■oj1 - *z) r3l " " '31 C» 

- F22 "» 2n F22 
C5 

(266) 

(267) 

(268) 

(269) 

I 

" '32        2 '22 

I1    B2J n \S]i - 2v2)[" r6     2 r^j   i - B2 f6J 

 . L,  A »^ • a) F  . 

(270) 



iiiliJ.,. .lilil. 
4 "6 I o 

IvJl - vj ■► v.ll - v2)J ,    »    1 
1-11      IT11 ^ ■" «.N C3/       (271) 

'1 TT      I, ^♦vi^l'. 
L 
-2 
tin 

I1  * »l)   '.("l)  C2j (272) 

I« Mf mm wm IM A I»«M rvinmn 

The basic equations (1)  through (10) «re,  In this cat«, also valid, while 

the boundary conditions change  Insofar as there Is no finite  length 

expression given.    After separation of ths variables by Introducing a 

Bernoulli product of the  for» 

iUs 5    -   Kr) s 

and further Introducing In the obtained differential equation the 

potential 

««•d-is-H|. 
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wh«r«    x   ■    Xr    «nd    X    It th« etgenvalua.    Th«  following •olutloas «re 

obCala«d 

«[jr.gj    -   A^ ♦ Nr J0(lXrj ♦ Ijl ^(urjj • cos M (273) 

{^Ir.ij    -   A2r ♦ -^ ■► fljlr ^l)(Ur) ♦ B^ M^jurjl   cot U (274) 

^(r.tj   •   A4 ■► fij J0(ur) ♦ B6lr J^IXT)! cog Xi (275) 

C^jr.g)    -    A, ♦Nyl H<l)(lXr) ♦ Ijt ^arl]  co« Xt (276) 

4pplylnt th« tolutlons Co th« corr««ponding boundary conditions, tight 

•qustloot for th« Integration constants B's result.    Ihm systssi dstsr- 

■Inant «as hosnganaous and the  following four clgenvalua equations were 

obtained: 

Jo(Xb) * Jl(Xb)   '   0 (277) 

2 2 
"i0 lxb)+ HO1) M *o <27,> 

jol^) + j?(u)-djo(HJi(H *" <27,) 

.»>2| Xb) ♦ «<l>2( U] - A .«)| u.) HO>J U)   -   0 (MO) 
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Ih« methods given in Computation of Kenkcl Function!    did not result  in 

conjugated complex roots.    This indicstes that all B's are sero in the 

solutions expressed in equations (273) through (276), and the stresses 

for the infinite fiber becc 

'u(H l+vTIl^v1) 

0I    01I ^ I I     III , 

1 •♦• i* V 
II 1 ♦ i (Wv") 

?lü^^   ,.4 

-51'..) 

(281) 

(282) 

022(H    -    9lJiWl*] 

ä-l    ■ 
[.I    .ii Ä : i      m 8-1    •»• |a   - a 

(283) 

 Uij] 
b I1 l+v"      »     b / 

(284) 

I.1 

'»H • pj^ 
,i    aii ^ I i      ii» T 0-8     ♦ |a   • a   I T0 

-4 1   ♦   V 
II 1 ♦ *j (1-2^) 

(MS) 

MM i - 

* Comoutation of Hankel Functiora. National Bureau of Standards Report 
Mo. 216. 
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■  2vlcjll(r,x) (286) 

b   ' '     E I 4- v 1        b   / 

A II I II I II n /^ox 
al2    "    012    '    al3    "    013    "    CT23   "    023    "    0 (288) 

Since the  Infinite undistrubed fiber is not  realizable,   equations   (280) 

through (288) are values which are difficult to verify by test;  however, 

they can be used to provide an estimate of the magnitude of residual 

stresses. 

For  instance,   if the relation between the  reinforcement and resin 

modulus were 

E1    «,   20 E11 

V|    "   S   "    l^    •n<!    b    »   a 

and assuming that the total difference of contraction including Polym- 

erisation were 4X, then by using equation (281) the following would 

exist: 

oulH * TO: 
I 

0 

This indicates  that the radial compression of a glass  fiber with a 
6 

modulus of 11 x 10    psi would be  15,700 psi on the surface of the  fiber 

(r    -   a)  . 
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For    b    "    10 a   ,  the axial,  tensile  stress  In  the resin would be 

14,000 psl which would cause cracking;  the resin would  therefore become 

a  finite length and the equation for infinite  length would not be 

adequate.    For this reason, no more emphssis is given to the infinite 

length fiber with assumed boundary conditions. 

The problem would be different if the boundary conditions that are no* 

physically Imposed were derived in the for« of a differential equation 

which provides for cracking in certain unknown distances. 

THB mimm Bflyfl 

Assume that an infinite number of  fibers are packed so that in the 

limiting case,   the tightest packing is possible.    A configuration such 

as this would possess a certain sytmnetry which would allow for rigorous 

analytical  treatment. 

Uiing the configuration depicted in Figure 3, any one  fiber can be con- 

sidered as the centre1 fiber surrounded by six others  (all  fibers are 

imbedded in the matrix). 

B9yn4frv C >ndtU9Bt in tht HyUUtfr« ftgUti 

By assuming three-dimensional shrinkage, a boundary condition is obtained 

on the interface between  fiber and resin which is similar to the boundary 

condition for a single fiber in a resin cylinder,  the only difference 

being that the distortions will depend also on the angle    9 

• M8! ■ h]   "8,) 

/I 
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«I [•o|l  • Äll •   * •  l(l  - 0l)]   ■ ^Xk|l  ■ S2) • * •  «I1 " 82l    •    0  (2S0) 

«3 [-ol1 - ei) '   ^ '  '(l - *i]]  * tl[o\l " S2l '    » ' 'I1 * 92)] 

-    «JB!  - 02)     (291) 

Where    5,     it the dispUcement   In direction    I   (or r)     in the reinforce- 

ment, a      la the radius of the  fiber before distortion through ehrinkaget 

takes place, and    i    is,  siallarly, the coordinate before distortion. 

Referring to Figure 3,   it can be assuned for reasons of lytnnetry  that 

the hexagonal« will  remain regular during the  shrinking process,  and vill 

become proportionately smaller as the total composite shrinks. 

The displacement vector perpendicular to    OB    must vanish if the  triangle 

sites    GAB    remain straight. 

For the reinforcement: 

For the matrix: 

ijMx - S1)   . 0 ,  s|l - ß1)]   -    0 (2S2) 

|JX[r|l-$X)  ,0,  «(l-S11)]   -    0 (2S3) 

For the    Ok    line: 

In  the reinforcement 

^['l1 "P1)   '  6 '  «I1  " 8l)]    "    0 <2S*> 
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and In the Mtrlx: 

^[r(l-B
U)   .«..(l-S11)]     -    0 (295) 

Along the    AB    line: 

c 
r    -   —r-a- 

coi J - tp| 

and 

t1 

{K^:ql-''''l-B,Il]-l",?-'1-0 (^ö) 

Equations  (292) through (295) must be valid  for all valuas of    r    and    s  , 
au« aquation  (296) for all valuas of    9   In the region where 

0*9*3 

Since the triangle QAB repeats 12 tines in each hexagonal, it is possible 

to solve the problem by considering OAB only. 
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OiffTantUl EouAtlom  for  DUpUca^af 

G«ner«l parti«! dlfferentt«! equatloii  tor distortion« conaidcrlng the 
* 

cylindrical coordinate  sytten were darlvad.      These equations 

L -   V •f 
2 r2 

h92 
•f i 

2 
da 

\ 
2(1 - 2v) 

1 
r 1 • 2v 

-L . iÜb J LAI- ,   Hj 
■f 

2(1 - 2v)    aröi      2(1 - 2v)    r2   b9 

I ' V     i 
I - 2v f&4| • 0    (297) 

a2» X a2«, 
2   ar2   + l - ^   r2   »J       *   „2       «« - 2v)    r   Sri» 

a2?, 
2(1 - 2v)    r    ^p ö«      2r I 1 - 2v    r    dp       hr r / 0    (298) 

I a2c, 
2   8r2  +2r2   8W

2  +1-2v a.
2  +2<'-^)   am 

a2«. 
2(1  - 2v)    r    aopda      2(1 - 2v)    r    bz        2r dr -    0 (299) 

*   Equation  (A73)   In  Ch« Appendix. 
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The following identities are noted. 

i .   1 • v   ,1 3 • 4V     „   i - v  ^1 
2(1 - 2v) 1  - 2v     2 2(1  - 2v) 1 - 2v      2 

These Are used in equations   (297)  through   (299),  which on rearrangement 

end  •Impllflcatlon  become   the  following sequential equations: 

1 - 2v   br [r    dr T  ^ll      di        r    ^«p J 

x-a-UÜi.ÜijLiJLrx ÜL.x5 .i Üzl. 0 (,00) 2r    äE[r|»f        dr   |J      2    a» 12    MP        ^ 52      r    Ar J        "    1JUU' 

1 - 2v    r    dSp^r    d!p       di        r    or P  'l/J 

1 - M     ^- 
i - 2v 

2    dr^r[arrhl      by \J     2    d* [bt       r    b* \ 

-L^rjüi.üili^^fiüi.si 
2r    dr   l\br       b*   jj     2r b9[r    dCP       dt   j 

0      (301) 

-    0       (302) 

recurring  functions  in the previous equations are noted and defined 

as F's as follows. 

HtNKhS^&l": 
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tur-srj • r2 

^[^-^('«J]     •    F3 ""> 

Ld«        r   d?p J ili^-r   S1]    *    '4 (30*> 

Using equations  (303)  through  (306)  in equation«   (300)  through  (302) 

yields the  following partial differential equations: 

OF,       l    dF,      dF 

r*7 äT^äT • 0 (307) 

1    dri        d    I I       dr4 
r   i^ - ^ lr F3h äT   "    0 ^08> 

aFl 1     aP2        1     *TL 
w • r >■     ^r •  0 (309) ds        r    dr        r    a«p x      ' 

Mow F's can be considered as potential functions. First, efforts would 

be nsde to find then. In sddition to the previous three equations, the 

procedure that follows renders one more equation,  interrelating the F's. 

Multiplying equation  (305) by    r2    and equation  (306)  by    r    yields 

[&-£!' «2)] 2 b1 - ^ Ir »2)    ■ '2 '3 Vio) 
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«nd 

ifillill.Äl  -  rr 
2[   H        ap J       r r4 (311) 

UtrtUl diffarancUtlon of «qufttlon  (310) with respect to    t    and 

•quatlon (311) with roepocc to    r    gl^tt th« following: 

2 I didtp       dsdr      J 

21^    öra« brwj 

(312) 

£ I' '*) (313) 

itlon of «quetlona  (312) «nd (313) fives 

2\b*to     dröcpj di        dr |r r4| 

litrtlel differentiation of equation (304) with respect to   9   gives 

(314) 

I.e., 

2|iflpdB      dflparj 

2 1 ösd«P     ard<pj 

^2 

r    dep (315) 

Noting that left-hand sides of equations  (314) «nd (315) «re Identlcel, 

one obtains 

i Ü2     2  ^2    a(r F4) 
r    dep   ' r      0«    '      dr (316) 
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S«pT«tlon of tht PofntUl«: 

ri: 

Multiplying equation (308) by    r    and parcUUy differentiating with 

respect  to    I   ,  one obtains 

da 

d
2F,      lV 

2    ' dadr      dadCP 
-    0 (317) 

Partial diffarantiation of aquation  (309) with respect  to    9   givas 

a?f. 
r    ^2       apdr  |r F3|      depdt 

(318) 

Suaanatlon of equations  (317) and  (318) renders 

r   —s1 ♦ • 
ia' r   a*2 

a2F, 
dadr     dtp da I'',) 

i.e.. 

mm 

*\ 
1   ä?"''  i»2 '**■'  S" 

h 

' däd r 
dP. 

dr (319) 

Pro« aquation  (307), 

d<P dr       r    da (320) 
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dF3 Substitution of    r-*    In equation   (J19) renders 
oflP 

Ai  i ^ ri  >»2    > r OF.   dF,i 
r    —-l-f -   -—i. - »t—+ -0-   r    —^ + —^ 

Division by   r    gives 

a.2       r2    7        r    dr l     Jt  i (321) 

'2= 

risrtUI dlfferentlstlon of equation  (307) with respect to    s    gives 

a2F, 
——i + 1 £ + ——i   .    A 
dtdr      r    di2        dtd«P (322) 

fsrtisl differentiation of equation  (309) with respect to    r    gives 

sdr      dr [r    8r  J      dr [r    dqp J 

I 
äsdr 

Subtraction of aquation (323) fron equatic- (322) renders 

r da2   dr [r or J  ds&P  Sr L' d«p J 

(323) 
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1.«., 

JV 
r    dt2       or [r    or J     ftp ^       »r | r /, 

Fiooi equation   (316),  rearrangement  gives 

dt J   8«p       .2       dr 

JF 
Substituting for    r-*    fro« equation (323) In aquation (324) and 

multiplying tha resulting expresilon by    r    gives 

ih 
f2   * '    8r [r    »r J * 8» [r2   w       r       )r 

■ m ■ 
l.a., 

ä.J »r |f    »r  |      r2    ^2 

fcp |.r dr dr I r /J 

d9 [M 4 dr 
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r    »r       t2   '4|J 

(324) 

(325) 
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*P L r      dr        ar        r r4j 

J. 2 r i 2ü 
r    dep 

Proa «quatlon  (309), 

iff 
r    fcp 

ar1    l   ar. 
di        r    dr 

The «quAtlon  (326),  after re«rrangem«nt,   uecome* 

d«2 drlf    ar  1     r2    ^2        '    8' ** 

(•J26) 

i.« •» 

**!l       l     ^'2      T       a / l    aF2\      2    dF2l 
di 

(327) 

dr lr    dr   /     r    dr 

2    dr        r      dr  /     r    dr 
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r    dr or 
ar. ^F, 

r ir^r T? 

r    dr r    8r (328) 

Use of equation (328) in equation  (328) gives 

-    2 (329) 

V 

Multiplying equation (308) by r and then partially differentiating the 

resulting expression with respect to r gives 

!! j. r .&. i   ii d2(r F4) 
acp' dr [r   dr r F3)J *    öra« (330) 

Partial differentiation of equation  (316) with reapect to    t    renders 

»h. 
r    Sato 

2 2 ÖF,     a kM.. 
dt didr (331) 

Suonatlon of equations   (330) and   (331) glvea 

■4 ar     r  a« j   ar [r  ar r r JJ - r -    0 
5« 

(332) 
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Proa equation   (307), 

dr       r    dt dcp 

Then equation (332), after multiplying by - -*r and rearranging, becoaes 

».2   r2 7  r2 8rl  »'I  JJ 

V 
Partial differentiation of equation  (308) with respect to    t    gives 

(333) 

2   / F, \        %2    , »      Ö2P 

«•^j-Sfel"»)*^!1   "  0 <w> 

Dividing equation  (309) by    - r    and partially differentiating the 

resulting expression with respect to    qp , one obtains 

■äIT1)*»!^ SH**!^ &) • O    <335) 

Susnatlon of equations  (334) and (335) renders 

dP«l       j2 

^ lr2    8r  j " i*8r 

• 

AfX=*i.^,rFj)^r4^(J).,      c«, 
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from  equation (316), 

lii . f» i2i,±lA 
r    ftp di dr 

Multiplying by    r    «nd -«rtlally dlfftr«ntUting with respect  to    r 

±x. ±h üi+j.rr A(rfii 
drd«p    dr I      di J  dr [r dr r r4|J 

2 
Dividing by r  gives 

"b^l-iV-P^-MM]   <-> 
Substituting for 

dCP [^1 
fron equation (337)  in equation  (336)  give« 
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or, rearranging 

dF. dF. 

r2      di       '     "  2    dt 

Sapararlon of th« VarUblai 

Separation ot    {'•  in Che Form of Partial Differential Equation 
Containing F'c: 

Reference  is made  to equations   (303)  through  (306). 

Separation of    ?     ,  the distortion  in radial directions: 

From equation   (304), 

(338) 

2 F     a? 
—»-♦• 

r U (339) 
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From equation  (305), 

^ !• h) ■ 

Multiplying «quatlon  (303) by        ' ^    give« 

r    dr r  %l|      dt        Wir/ 1 - v   rl 

Differentiating with respect to    r 

^NKI] a*ar      »dr 
i! 

I  - v      or 

Now 

(340) 

(341) 

^t 
?«dr      ^Pa ötP^r I   r / at | dr   f      ^ Or ( r2 

d ̂ KIvl-^^M] 
d« I dr   /     dcp |      r2 

+ JJ^^|V)        w> 

Using equations  (339) and  (340),  equation   (342) would bee 

?.»dr ^ aPdr 
h 

»Ldi r  J     r2    W 
A. 
di 
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r2 ^l 
2 F r' •♦- 

a2«,    2  dr d« OF.     .   a2?. 
^T  r d.   r2 »cp     M   r2 ^2 

(343) 

Subtracting equation (343) fro« equation (341) 

-L 
2 

I1!, 
r  '  dr '   l     A.2    r2 

»2<, 

dcp' 
2 

I - v  Jr   r di     d«P   r2 dCP 
(344) 

Separation of ^ , the dlatortlon In tangential direction yialda: 

Froa aquation (30S), 

H, 
■i(^|^'2'3 

Äl^il '£K1 •»• 2 r' F. (345) 

from equation (306), 
• 

r       a*2i - 2 F. > r-* 
4  ds 

■ t 

(346) 
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1   -  2v Multiplying equatton   (303) by        _  "    and  then partially differentiating 

with respect   to    Cp , 

dcp[r    dr  r *llj      dcpdi      r 
i2* 

dC 

I - 2v        1 
1 -  v      dCP 

Multiplying  (r)  results  in 

A. 
dcp [tM,l]"*|&l4-«' (347) 

Using equations (345) and (346) in aquation (347) gives 

r['lrK)-'S]"£H-"*♦£)]♦;? 

1 - v     d9 

RaarrangetMnt renders 

»\  i2t ttiKii-'-y-s 
■■'^•^»^■■il'''.!   »•> 
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Separation of    ?.   ,   the distortion  In axial direction  raeulta: 

from equation  (304), 

d5,       2 F. 

iT^-T (3A9) 

Pro« equation   (306), 

d{9 ,    d(, 
—^   -    2 F    ♦ •*■   —■ 
dt U      r    dT 

(350) 

i  - 2v 
Fro« equation  (303,  by Multiplying Ly    " r    one obtains 

d ̂  (' «i) 

d?3      d5. 

l   -   V        I 

Partial differentiation with respect  to    z    gives 

M'S1!*-;?^ dep 1  - v       d« 
(351) 

Use of equations   (349)  and  (350)   In equation  (351), 

i[-l£'*l-Z 2       dep r    4      r    ** 
I • 2v r ÜJ 
l - v      d« 

Multiplying by 

i   ± d«. 

r    >r I    *r 
+ i  JL 

r    *r l"il ».2    r "•    rW fi^S1 »«' 
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Re«rr«nging 

Z'iiW'i I - v   8«        r I dr        dcp 

SOLUTION FOR 5 
2 

Assuming that the F's «re zeros, equation (348) becomes 

^MN-2!- *\   *h. 
** 

I.e., 

d   T 2 d52l        2 8 52 ih,   ih. 
1    *J 

-    0 

I.e., 

d?,        2 *\        2 »*«,      r? 
«a*'^^^*' p"*'^-^ •   0 (353) 

Let 

R2(r) 02(CP) Z2(f) v35A) 

Then equation (353) becomes 

t2 ^2 22 ♦ 3r R2 02 Z2 ♦ r2 »2 ^ Z2 ♦ r2 R2 ^ Zj -► 

R2 ^2 
Z2 ' 0   (355) 
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Dividing equation  (355) by    ?2 

i 11 it        ii 

*2 "j h     92 

•I I II II 

r2 r^ ••• 3r r* •♦• r2 r* •♦• I    -    - -^   -    X2 (356) 
R2 E2 Z2 ^2 2 

where    \      Is a constant  Independent of    r   ,  t  , and Cp . 

*ö ♦ Xj #,    -    0 (357) '2      "2 w2 

r2 r^ •► 3r r^ ♦ r2 r^ ♦ I    -   ♦ \2 (358) 
R2 R2 Z2 2 

The last aquation can be rewritten as 

I M 

^1     r    «      r2|
l      ^2)        I, 

«hare    n    is a general constant independent of both    r    and    s  . 

equation (359) «ay be separated aa follows: 

(359) 

• • 

Z2 ^ w    Z2    "    0 (360) 
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«nd 

H4f S*-!!1 *  Xl) • M2 »2    "    0 (361) 

The general  eolation of equation   (357)  Is 

02(CP)    •    ^j  «>■ (^ ^ Vo| (362) 

where    T      la the phase angle and    B. an arbitrary conatant. 

In the caae of six aynMetrlcally apaced fiber« aurroundlng a central   fiber 

It la expected that 

|..f| 02(CP)    •    ^2|«P*^rl (363) 

where    J    la any Integer. 

Thla mean«  that 

coa    \JP ♦ cp       ■    co« 
2 o 

co« (\-?p ♦ •   ♦ —T-*) (364) 

For equation  (364) to be aatlafled for any    ■ , 

TT   \ 
•       2   TT   k 
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1.«., 

X2    •    6 k (365) 

where     k    It «ny  integct. 

Therefor«, equation  (362)  becoMi 

02    -    ll co» J6 kqp •»• 90] (366) 

and equetlon  (361)  bccoaes.  «fcer dividing by    ^   . 

I     d\        3      ^ / 36 k2 -  1 
2    7T     « 2    dr       *2l        2 2        "^ U    -    0 

M      dr FM I      U ' 
(367) 

Let 

It. (368) 

Then 

«M 

dft 

1    dr m 2    dx     dr du) 

dR 

ivyx    dx 
i A 
x    dx (369) 

u     dr 2 2    dx 1 dx      dr 
u Vi 

du)2    A 
2      .  2 u       dx a.2 (3?0) 
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Using «quatlons (368), (369), and (370) In equation (367), and multiplying 

the resulting expreesion by  - 1 , yleldi 

To tranaform the last equation to a Baaaal fom. 

t, - x6 y (x) (372) 2 

Than 

•l      ft-i 
^ - 6 x^1 y(x) ♦ xa y^x) (373) 

7 

—s^ - 9 (8-1) x9"2 y(x) -► 28 x9"1 y'(x)  •»• xa y"(x)        (374) 
dx 

Using equations (372) through (374) in aquation (371) and dividing the 
a 

raaulting expression by x  results in 

/'(x) ♦ ^^ y^x) 4 11 - ^ ^ 2" Hy •► {3a ♦ a (a-D) -J - 0  (375) 

Rewriting equation (375), 

,.(., + is^Lir.MX. »S-i-ip+i (g-nijy    (,W) 
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6 It to b« chosen to ch«t 

20 ■♦■ 3 - 1 

e -  - i 

Thoo «quatlon (376) bocoaat 

'•^^-■^j y - 0 (377) 

Equation  (377)  is a BOMI aquation and 

y   '    M2 J6k(x) 4 B3 4* *** (378) 

This la tha gancral solution vhara B. and 3. ara arbitrary constants. 

fro« aquation (372), 

^2 ■ « y 

Slnca 8 • * I . 

2    x 

Substituting for y fro« squatlon (378) 

»J<«> • ^'«k«*?^« »7») 



Bec«utc    x   -    lur   , equation  (379) Is 

sCr) ■ i"[Tij6k(i^)''Tii,6(i)(i^)] <38o) 

Th« general solutlor; of equation (360)  it 

Z2    -    B4 •ln(ut + tj (381) 

«here B, end i  «re arbitrary constants. 

Substituting for R2(r) , 02((p) , and Z2(s) froa equations (380), 

(366), and (381) respectively in equation (3)4) 

«2(r. CP. .) - ^[^f J6k(lMr) ^^(ipr)] x 

[Bl co» (^♦0][14 •lnU-'1o)] 

cos |6k9 ♦ «P0| x sin jus -»• to|        (382) 

where 

'lAIi 

and 

'5    • 1 

B    B    B 
,  . Bi a B3 
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Note that M my aisume many values, dependent upon boundary conditions. 

Let li a UL where n varies fron I    to Infinity and Is an Integer. 

As stated earlier, k varies from 0 to Infinity and Is an Integer. A 

general assumption is that the constants B  , B  , r , and x  and 

corresponding {. In equation (382) would be different for different 

combinations of k and n . To Indicate this, the said parameters would 

be properly subscripted. Then equation (382) would take the following 

form. 

52nk(r, *. .) - ^ 
n 
T^nk^klM^enkdvl]" 

cos H^Jxslnl^s ^J 

R, .. 0n .   Z_ u (383) 2nk    2nk    2nk 

Mow the total distortion of    g.    Is a summation of all    {.        given 

by equation  (383), or 

n=l   fe 
C,(r, qp, •)    -    ;       y     «2nk(r' '• l) 

Z Z! v [B5nk j6kiiu"r'+B6nk *"\v') 
n-l k-O 

[co. (»k» ♦ 9onk )] x [.in ( V ♦ .onk)] (384) 



SOLl/riON FOR    ? 
1 

Consider tquatlon  (352).    F's «re to b«  taken «• lero. 

dE2    T r    dr  lr dr ^    2   "T r'    by1 
(385) 

i.e., 

a2?.    a2C-    ,   H.     |   a2«, 

% 2        ^2       r    or 2.2 5« dr w r      dV 
(386) 

Ut 

f3(r) ^(5P) Z3(r) (387) 

Then equetlon  (386) become», after dividing by    ?-    end reerrenging 

»3»32; + »;»3z3^«;.323^i3«,»; - o 

i.e., 

it        it 

!a + !i + i LI + .L U • o 
Z3     »3 r   »3     r2   »3 

II 

R3      r    S      r2    «3 Z3 
(388) 

where    w    is e  constsnt  eigenvalue,   independent of    r   ,  9 ,  or     s   . 
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Equatlor (388) on separation gives the following two equations, 

Z3 + w
2 Z3 - 0 (389) 

and 

iu^r r^-2 5? ■ -' <390> v3  * -3  r' 03 

Equation (390) la 

ii 

r2 r^ "»■ r -i - w2 r2 - - -^ - X2 (391) 
*3    R3 *3     3 

where  >   is a constant.  Equation (391), on separation, gives 

03 ^ X3 ^3    "    0 (392) 

and 

2    d*3 ^3/22        21 r      —j^+r    JP*!-"    r    * Xjllj    -    0 (393) 
dr 

Lei 

Than 

x    -    Irw (394) 

dR dR dR dR. 
r TT m t; ir % - t ir «*> ■ x sr       (395) 
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Similarly 

dr 

2    lS x    7^ dx 
(396) 

Then equAtlon   (393)   becomes 

dR. 

dx 
r* ♦ x —* ♦ Ix 
2   * dx   * I«2 - ^1 (397) 

Equation (397) It *  Beste 1 equation and its general solution is 

R3(x) - Cl Jx  (x) -»• C2 HJ[l)(x) (398) 

A similar argument can bs utilised in arriving at a solution, fr< 

equation (366), for equation (357).  Then one obtains, with \- 

a solution for equation (392). 

6g  , 

d3    •    C3 cos | 6gcp ♦ qpj (399) 

where g is any Integer and T  an arbitrary constant. 

Noting that x -  Irw and X. - 6g , equation (398) becomes 

R3(r) " Cl J6g(irw) * C2 H6(i)(lrw) (400) 

The general solution of equation (389) is 

V«) - C4 •^(^ ^ol 
where z  is an arbitrary constant. 
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Substituting for    R-Cr)   ,  ^.(cp)   ,  «nd    Z.(s)     fro« equation«   (400), 

(399), and  (401) r««pectlv«ly in «quatlon  (387) 

53(r,».i) h v1 
rv) •► C6 H^dr«) »cos |6iSp + To)  sin ( ws 4 t (402) 

wh«rs 

C     ■    C    C    C 
^5 I    3 ^4 

C6    -    C2C3C4 

lots that    w   aay assuaM aany values, dapandlng upon th« boundary conditions. 

Let    w   •    w      where    ■    varies fro« 1 to infinity snd is an integer.    The 

constants    C.  , C.   , a    , and    t     and corresponding   {,    would be,  in 
9 D O O j 

general, different for different co«blnations of g and « . To indicate 

this, proper subscripts would be used, giving equation (402) the following 

forat 

«3^   *   [C5«. '*{***] 4 C6^ ^V-llH '6W 

«P. sin Iv *•-.)] (403) 

Ihe total C3 is a su««ation of all i^-J*    given by equation (403): 

13(T.9,*) 

m 

twCg»» " " ^ IJC*J».M + 
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♦ c. ^iVJ]^0' I6« * ^/]['ia | v ^ ^i] (404) 

OONPLMBrTAftY SOUmONS FOR    ( I 

Taking F's «■ ««ro, «quatlon  (344) b«coM», 

*[*   ^1     Cl'J%.2        r2   ^2 r2    ^ 
(405) 

Aft«r •l«plific«tlon, «quatlon  (403) b«cow« 

»2«,      i2«i       I    »«i        I 
•f 

r      to .2    d« 
(406) 

CowplmmntATy function: 

Consider 

d€ 1*1,     f, a2«,    a2?, 
2   4     2        .      . -       . öl or r      d«p r ^^♦-VT1-^ (407) 

Ut 

fl    '    ,ll(r) ^l^ Zl(,) (408) 
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be th« •oLutlon of equation (407).  Substituting fron equacion (408) for 

(.  In equation (407) and dividing £h« result by { 

••      M 

-k + ^ +     k   +     k   . -i- 

1   1     I   r 0   r 
■ 0 (409) 

Readjusting, 

N       I M 

l 1  r 0 I 
2 

r 
- •► • 

1 
(410) 

where 0 Is onstant. Separating equation (410), the following two 

equations result: 

"   2 z, ♦ r z,  - o 
I 1 (411) 

•• ii    • 

a,    »,      0, 
El  r El r20 

.X.J (412) 

Consider equation  (412).    MulMpllcatlon by   r      gives 

■ ti • 

rTl.      r R. «    . 0, 
(413) 

or 

*l* \*l    "   0 (414) 
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«nd 

2 i« • 
rV      r R 2    2        2 I • |* r   - XJ   -   0 (415) 

Multiplying equation   (415)  by    ^ 

2    i« • 2    2 2 
r    Ej ♦ r tj  - tj - B    r    ^ - \J tj (416) 

Ut 

x   -    10r (417) 

Then 

d» 

16    dx      dr xdrr   2 

K2       d [dlj K2       .  Td», 1 

f^p   dr [dr J   "   |^|2    dx ['J?   drj 

2 1*1      .2    2 .2 ,2    2 2 x   -^ -pr      -l|r      -x 
dx' 

Then equation  (416) becoues 

Uf*»))-. (418) 
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Th« solution of «quatlon (411) Is 

2l - ^ .inje^.J (41S) 

Th« solution of «qustlon (414) is 

0J - A2 cos (X^-»- V0) (420) 

vhsr« s  snd cp  sr« srbltrsry constants. 

lots that 

»ll»^ ^(«P) • MfiM^rl (420 

whsrt    J    Is any integer,  Is «xpsctsd, due to six-fiber »ymmtry around 

th« central fiber      Then exaainatlon of equation  (420) gives 

Xl    -    6a (422) 

where a i* an integer. 

Row equation (420) becoass 

il • A2 cos (6a)BP ♦ 5P0) (423) 

Iqustion (413) is s Beseel equation. Noting that x • IBr fro« 

equation (417) and X. - 6k from equation (422), the general solution 

of equation (418) any be rewritten as 

tjOr)    •   A3 J ^ (iBr) 4 A4 H(^ <i$r) (424) 

V36a2 ■► 1 V36a2 ♦ I 
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Coablnlng equ«tlon« (408), (419), (423). «nd (424), 

S^r.flP.«) - ^(r) ^(«P) ZjCO 

b'-nzr, (10r) -»-Aj 
w"/ ,   (IBP [cot! ,(!) fcofip-»- 

«. )][""K + '.)] (425) 

where A.  • A A A» end A^ - A A A  . 

th 
Let P  be the p   value of 0 . Moving the dependence of A. , 

P ■> 

Equetlon  (425)  then becoaef 

A.   , cp    , ■      end    {.    on    p    end    a .proper eubecript« would be ueed. 

Clpa(r.W..) ' [s.J./-^—Iv) 
I 

V36a2 ♦ i 

AÄ      H 
6pa 

(I) 

V^1 

9. 

 (lßpr) jcoe(6a(BP^ 

| Lin Is • + •      | 
»a'Jl     1 P opa'J (426) 

Sueenetlon of «11    ?.        given by equation  (426) would give the total 

»1  ' 

S^r,».«)    -   } «lpa(r,*..) 
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13> '■ 36a  ♦ l 
K'l 

•d) 

*-■Ä771l"''l][•",' 
ropa |][HV + •opal] (427) 

For compi*fM»§,   th« oth«r two f's will be stated herein. 

n-l k-0 
•»^M4 

B        H(1) B6nk \k tlvl][H6^ ^oaklJHv ^ «onkl 

?, 
«-1 g-O 

^KilH^^olHv *•-.)] 
lürtlcuUr Integral for    1,11,1 

Th« particular  Integral of equation  (406) auet be found.    Th« right- 

hand side li   -^   r^ . 
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I 

tram equation  (384), 

C2(r,flM)    -    >     )     *2nk<r,SP,") 

m      ■ 

2nk (428) 
n-l k-0 

7   »5.1t 'ikK'l + •»nk "»i'lH'l wh«r« RA ,     • 
2nk ^ 

Z2nk " ^K* + fonkl 

Tn«n the right-hand eld« of equation (406) would be 

It; 
n-1 k-0 

2    R2nk Z2nk 02nk 

J J T^ Z2nk •ln|6kJP + Vk) <42$> 
12 k R 

n-l k-0 

Ut 

12 k R»-w I       -   - toh Il2nk 2 
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«ad 

'2.k   •   •ta|*» + «Ul <431) 

Then the rlghfhand side of equation   (429)  become« 

n-l k-0 

Ut 

J] X ^ Z2^ ^nk <432) 

^nk Z2nk ^nk    "    ^^^ «^^ W) 

Then  the  right-hand tide of equation   (432)  is 

(right-hand »ide)^ (434) 

To obtain the desired particular   Integral,  each  (right-hand  side) . 
nk 

would be  taken as right-hand  for equation  (406).     Particular  integrals 

for such equations would be found and all such resulting expressions 

susnsd.    For example, 

£lLL+!!lLL+i!l[iL+-L!!lLk. 

no 
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-Ü4*-.. ^ttht-haiul side)  . (435) 
* nk 

where     (fii k    ia  th*  partlcuUr  Integral     ?      for  the specific    n,k 

combination. 

Let 

(«link    "   K^**™1^™ (436) 

Substituting from equation  (436)  in «quation  (433) and rearranging 

results in 

ZnR(l)  V 
jVk(«) 

Rnk(r> + Räk<r> f r <k<r) * 

$^m (CP) 

.2      ^(?p)      nk » u(r)  - 
^ 

•    «J.k22nk«2.k        (»"J 

Equation (437) must be satisfied for any values of r , 9 . and • . 

Functions separated in this menner on the two sides are to be separately 

equal. Equating parts in i and CP , 

Znk<-> * 22nk * -Hv^-onkl (438) 

and 

^nk^ ■ ^2«k '   ^K^onkl (439) 
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giving 

N 

2nk<'> 

2 

and 

^^(y) 

^(v) (ok)* 

Than «quatlng th« parts In r on both of Che •!<!•• of equation (430), 

^ nk   nk * r    r2  
Rnk  r2    

R2nk 
(440) 

Substituting for R, .  froa aquation (430), aquation (440) bacoaas 

^n   ni 
-■..I^^H 

■ ■itij[»«^iv)*'«.<i>M] (441) 

Let 

v •  ^ (44,.) 

Than aquation (441) take» the following form. 

2   11  4T)   \      ri    I nk 
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•    ^    B7 J6k(^ * B8  "ik^ <^3) 

whert 

12 k B 
B7    "    i^    "    "   l2  lk B5nk (^4) 

and 

12 k B6 
B8    "    i"   "    "  l2 lk hnk (^5) '6ak 

Ltt 

Rnk    '   I(")    '    "^ J / ^ * VW H()2 (n) (446) 
V 36k2 ♦  I V36k2 ♦  I 

be the pertlcuUr   integre! of equation   (443). 

Then 

t'Or)   -   u'Otfj^ (TO ^ udD J'  (TT)-► 
V36k2 ♦ I V36k2 * I 

V'OT)  H(l2 (TT) ♦ V(n)  Hi.0' X/ W * V(TT)  H^^  (n)       (447) 
V36k2 ♦ I 

Take 

U'Ol) J / +V(ri)H(l2 (n)    -    0 (44«) 
V^k2 ♦ I V36k2 ♦ I 
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Ih«n differentUting «quatIon  (447), 

l"(rO   -   ü'(n) r   (IT) ♦ ü(TT) J"^ (IT) ♦ 
"^k2 + I V36k2 + I 

f'Cn) H(l^ (TT) •► V^  H(I^ _(rT) (449) 

Utlot •quAClons  (446)  through (449)  In «quation  (443) and rearranging 

glvca 

id^lj". (n) ♦i J,
/ (IT) + 

L  V36k2 * 1 ^   V36k2 ♦ I 

(I - ^ 2
4 0 J   / (IT)   ♦ V^    H(l^! (r)) 4 

< / V36k2 ♦ i J      L >wTT 

i   H<1>: (^ W! - ÄkLll   „(I) 
V36k2 ♦ I I ^     /    V36k2 

O'Cil) J'^ (TT) -^ VdT) H(l^ Oi) 
VHk2 4 I Vttk2 ♦ I 

 (ri) 

♦ I     J 

^[l7 J6k(rO>B8^
)(r1)] (450) 
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Noting that    J '-*    —'    -^ . (rQ    *nd    H^^^    arc  •olutloot of  the   following 

V 36k2 + I 
&••••!  «quAtlon, 

/•(^xl^Wl-^^jy (451) 

rttults In 

J,'/ (ri) -^   J'y (ri)4 

V36k2 -f I Y36k2 ♦ I 

(I - ^ / M J     (TT)    -   0      (452) 
71        /    V36k2 ♦ I 

•nd 

,(ir (^ 4 i   „(l)' ,. ^ 

y36k' ♦ 1 V36k' ♦ I 

l - ^V-M H<l/> W    -    0      (453) 

Usint «quAtion«  (452) and  (453)  in equation (454), 

ü'OT) J'   (IT) 4 V(r)) H(l^ (n) 

V36k2 + I V36k2 + 1 

"   ^[B7 J6k(^ ^B8 ^^j ^ 
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Solving for    U'(-)    «nd    V(^)    fro« equation«  (448) and  (454), 

.(0 

Ü'W 4 3^k2-K [- (ri) |B7 J^dl) + B . ^w] 
J* . (n)  H(l)

i (r!)  - J ^^  H or 
VW+i 

(n) 
(455) 

^k2-»-! F36k2-H ?36k2-H 

and 

VCn) 
\£k^l r:w h j6kw ♦ • . «H 

j* 

Va^i       vi 
(T)) H(l)> (ri) - J (TT) H(l)' (r) 

(456) 

r36k'+l VMVT+l V36k2-M V36kfc*l 

b«cauM 

V^) Hpl)(Ti) - Jp(Ti) H^1),(TI)    - 
TTlTl 

(457) 

Ihartfor«, «quaclona  (455) and (456) bacoaa,  rtspactlvaly, 

ü'dT) f ^(H<I>—(.) r.7 J6k^ ^ B8 S 2'4 (458) 

VUTT) n(' vwTi 
(TO ['. '•kW  +   S   "i^M 'I (459) 
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Integrating tht last two expressions with respect to r\  , 

TTl u T K li * »a la) <460) 

and 

v " • ^ 1»J H 4 H »J <Atl) 

where ^    -    /      ^^^ * ir] (462) 

H(y! (n) H^^n) 

I.    -   1      ' ^k    ^ | 4TI (463) 
1 f\ 

J         (n) J6k(^ 

Ij    -   /     ""        ä2 dii (464) 

Y-j—^)H<i>(n) 
I4    •    /      *m    t l

2 dn (465) 
J r] 

Equations  (462)  through  (465) «ay be represented  in general by the 

following: 

f'-*^ 1 • ; -■—?— (*6») 

11; 



wh«r« 

Mow 

Z   «ad   1   aund for   H(l) or   J ^ 

V5..J Y   •und for   Y96k* + 1 

0    sund for    6k 

Z     sund for   Z (rO 
Y Y   * 

ZB    ■Und for   Z (T)) 

(467) 

r\ 2 | (468) 

Ihon «quAtlon (466) bocoais 

■H^"'!'-^- 
th« followlnt Integration foraul« It to b« noted: 

['• 
z   .1  • i  I  .     z   T 
D-l    A        n    a-1 m izT dr, -  n 2—j- pifq Ti  P  q p    . q 

(469) 

(470) 

Than 

/^ Z  T. . dr\ 
z   . T. . - z T. ,    z   F. , 

„   Cl   a-i Ü—fill .   Y   fl-i 
Y    - (6 - I) T      p 

(471) 

US 

• I1 



JTAVI4"        ^    Y
2-(( + l)2        y+,+ I 

Utlng »^jatlont (471) and  (472) In •quation (469) glvti 

1    - p I \ v • <• - « / • (i ♦ u2 / 

iftri ♦  Vi 
V|Y*I • ■     ¥♦•♦»] 

(473) 

Proa «qufttion (447),  subttitutlng for    y   aBd    9  : 

Y2 *  (3 * U2    -    l^lUTT]    -  (6k - I)2   -    12 k 

Y2 *  (0 ♦ I)2    -     hÄrTlJ    -   (6k -  I)2    -    -  12 k 

Thon th« foliowint «r« «atily obulnod: 

.   »1    i-l       v   g-2 t    vl    §♦! 3L-& 
.j ".  ,v2        .2  rrm Y    -  (0 - D' Y    -  (I ■»• l)' 

. KA\-.'^A*K[\-^\ 
12 k (474) 
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Using «quatlon (474) In «quntlon (473), than tubstltutint for y *n4 

0 fro« «qiMtlon (467) rotults in tho followlnt «quntlon; 

X   .      1   <      V36Al -1   l U YttfcV i. 

- Z 
'6k-1 

V36k2'»-1 \Vs6kVl -f 6k - 1      V36k 
y—\ 2+l -f 6k ■♦• lil 

(475) 

Equntlon (475) is «quivnUnt to «quatlon (466) with Its intogratloo ACCOM- 

pllih«4. By «nalogy, tlalUr «xprostlons «qulvaUnt to «quatlon (462) 

through (-65) ar« aa follow« (In MqiA^c«). 

ll   -    12 k\* 

H (1) 

fWk2n 
r-    [^ - ^i] ^^-[J6k - J6k 
•K-l*^ _       J        V36kVl l •■] 

12 k 

H(i)   r—fail— +   Vi—\ 
V^k2-»-! l,^6k2+l + 6k - I      ^k2*! -»• 6k + J| 

^   "    12 k l" 

r     n<l) 

- H<I; I    >:i— 
VwAlL^k^l •»■ 6k -  I 

(476) 

<      VWtl  -1      VMI.2tll J . 

7Bjti_n 
46k2-»-! •► 6k •♦• lj[/ 

(477) 
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12 k Y1 

[J6k-l ' 3tk*l\ Wl1 * J 

12 k 
V»iM ( 

J6k " J6k-2 

f^T^1 ^^     \ LVWk^l •»• 6k - 1      V36k'-»-l + 6k 4 ijl 

,4 -(^ „J^ii „k   ^^ -• 

2+l LVHk2*! •♦• 6k - l      Wk2-»-! ••• 6k •»• ijf 

(478) 

(479) 
f36k 

Th« tcul toluclon of    {.    !• 

«l   -   ^(r.f.B) ♦ Xl (480) 

Iquatioo (480) contains S. (r.^.g) , th« solution of tho hoaogonooui port 

of «quntlon (406) glvon In oquntlon (427). Ualnf tquatlon (436), tho 

following It rottntod: 

«ink ■ Enk<r> ^nkW Znk<-> (481) 

2nk(«)   tnd   $nk(f0    "• 8ivon In oquntlona  (438) and (439), «ad raautad 
höraIn: 

«*« ■ »2-. ■ Hv«*l 
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***>   m   »2.k   •    •1,,l6'u»,+ »onkl 

Th« aost difficult value to ••ubllsh la    R(r)   , «• nhown In th« 

an«lyils conC«ln«d In «quntlont (440) through  (479).    Th« tuhMquent 
•tops wist b« followod to obuln   t(r)  :   (1) calcuUt« first th« 

B««««l «xpr«s«lon in «quatlon« (476) through (479);  (2) Introduc« th« 
obulMd    I      to    I      Into «qu«tlon«  (460) and  (461) having,  than, 

Ü   and   V .    Entarlng thla «xpr«8slon Into «quatlon (446), glvas th« 

valua« for   K . (')  : 

V36k2 ♦ I V36k2 •»■ I 

Having th« valua« of dlatortlon Ci C« ^3 * th*n» th* •Cr*» distribution 

la datarmlnad by aquations (1) through (S) and aquation (7) for a  . 

Thua, tha aathaaatical - physical fundaaantala for th« Intarnal aschanics 

of parallel flbara ara aatablishad. 

lavlaw of aquations (438) and (439) claarly indicates that tha {'a ara 

of an undulatory natura. But slnca tha solutions ara auaa ovar saver«I 

slganvaluaa charactarisad by parasMtara n , thay could ba ragardad aa 

a Fouriar «arias. Tha coafficianta of tha aarlaa obviously show a certain 

characteriatic about a valua n   Tha aaauaptlon can therefore be that 

tha functions { conaiat prinsrily of those coalna functlona whose order 

la grouped within a narrow region around thla valua a . Tha conclusion, 

than, can be that tha functlona { will consist, for tha aost part, of 

tha functlona 
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But tine« n  li a function of -p «nd r* and th« aatorinl chnrac- 
o V_     ft o 

tnrlttlca, th« unv« Ungth will alto dapand on thoaa valuas, baaldas 

•howlng apaclal dapandanca on tha flbar diaattar. 

k photomicrograph of raildual ttraaa In Bpon 820 raaln turrounding a 

•■allar dlaaatar l-glasa slngla flbar la thown In Figur« 4. Magnification 

it  100X. Flbar düUMtar vas 0.0004 in. This fraa fib«r «at placad in a 

drop of raaln and first curad at 2S0*F for 30 ainutas. Cxaainatlon at 

75"F in polariaad light following this cura •howad no raaidual strasa, 

and tha flbar was straight. Howavar, aftar an additional cura of 

JO ainutas at 3S0*F, tha saapla appaarad at shown. 

Figur« 4. Fhotcaicrograph of « Fina Flbar In Rasin 
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APPENDIX 

DEKIVAtlON OF FUWDAMENTAL EQUATIONS 

The following Is a brief ditcutsion of the basic physical relations 
which will be raquirad in later applications to a fiber reinforced matrix 
under various loads. In view of confusion in the literature about what 
is arj what is not s tensor or tensor component, this Introduction is 
considered necessary to define terminology. 

First Order Theory Introduction 

Consider the trineformation from an orthogonal Carteaian coordinate 
system to s mere general curvilinear system of coordinates. The trans- 
fom.atlon is a one-to-one transformation all of whose derivatives exist: 

k-  = ^(^,^.1,2,3 (I) 

Let I  be a set of orthogonal unit vectors so that the scalar product 

gives 

(2) 
J  Ä 1 , X * J 

ß    t   is defined by the scalar triple product  (Reference I, pages 16 

uti 20) 

I. * I; • Ik • ••ik (3> 

ao that the vector product is given by 

-/. X ^ J   - *^JK T* (4) 

^ycj *      m    0,  for any equal subscripts 

* 1,  for cyclic interchange of subscripts 1,  2,  3 

• -1, for non-cyclic  interchange     of   subscripts 

The upper  index   J^    is used to conform to subsequent tensor notation. 
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(•) 

(b) 

Figurt 1 
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Carteiian coordu «te» 

Consider the vector 

whose differentlil dlsplactmtnt Is 

repeated indicts summed which becomes under the transformetion (1) 

(5) 

if.dt .JjJft   I-. dSf. (6) 

where 

(7) 

Equations  (5) end (7) represent  the contreveriant and coverient trrns- 
formetions respectively.    The vectors   Q-    ere the metric vectors tangent 

J 
tangent to the curvilinear coordinate elements Jiu    . 
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(8) 

Th« differential arc length di it  given by the sealer product 

= 4,- W.J ^ 

«here   g..   ,  the metric  temor is defined by 

'   ** Xx  au^      x au^- au-»        (9) 

Although there is no numerical distinction between coveriant tensor 
end contrevariant tensor quantities  in Cartesien coordinates,  the meinte» 
nance of the upper end lower indices  is e convenient accounting arrange- 
msnt.    For exemple,  if the indices  in equation  (7) ere reised,  the 
contravariant rastric vector system is 

*J . lid f*   .   T- . -^ *j 
J       a«* ; au«»   J 

From these, one mey define 

(7a) 

3 J = 3   '3 (10) 
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and show by «quatlon«  (7),  (7a), «id (10) that 

(10.) 

By vlrtua of thaca aquation« and othar propartlas of tha Mtrlc 

tensor components   a-. } Q^J   i  these may ba utllltad for raising and 

lowering  indices. 

Nota fron aquation  (9) that tha absolute valua of 

31 ' ßH 
and hence 

So. ' 

ara unit vectors. 

Differentiating aquation (9), 

du 
• 

-zs. 

du  OiA 
Im a/ auk3aj 

Interchanging i >  \   , k , adding and subtracting, yields 

(U) 

(12) 

(U) 

(14) 
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**  9ukda*    3uJ *      3^ duk b*J 

«hlch it th« Crlacoff«! «ymbol of th« first kind.    The Crlttoff«! «ynbol 
of th« ••cond kind is defined by 

fJ.}-3JifrM] 
Alto, 

b±..   ax r .   ^1 f   w -2*. » . tf n.  T  ■ —O-JL- r** & 

9*kd^  **j   9     ^ 

(15b) 

Th«  left-hend lid« of this equation is defined, at rewritten, to be the 
covenant derivetlve: 

l.j-rf-^^-o (16) 
014 

In almllar manner, the following can be ■hown: 

i'Sm?-* (16*) 

and fro« equation  (14), 
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II 

m ^ 

*-i$3ij'v]3* *  0 (17) 

In similar manner» 
I 

daxJ 

3k 
du' H^J4} (IT«) 

•o that th« covarlmt derivations of ch« metric vectort «id th« metric 
tensor are «ero. 

The detemlnant of  « • i    fron equation  (9), becomes 

i 
du    du k ÖU 

(18) 

;t 
(19) 

3 ' I|5.K|( - 
and by equation (7) 

Hence, by equation (3), 

From these end Che fact that ß    * 3 i * ^ J  ' 

x A 35 - •..u'y 3* (21) 

and likewise 

where 

y*** 
e.^«t 

»-t 

and & 

(22) 

v-Vt 
rvt ^ 

are tensors. 

The area of the triangle determined by two of the three vectors 

4« ■ <"> 
CJL) 
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is 

as, • i f«i« iffj] «I-* <luj I 
s     1  /jgKk     ^^  JuJ 

(24) 

By •quation (21), 

• =^r 

(25) 

is « unit vtctor normal  to th« araal «laawnt   fliS.   ; h«nct, 
« 

whtr« th« tu« of th« v«ctor «r««« of th« f«c«i of th« t«trah«dronl fornMd 
by th« «•trie v«ctora  dS'    It «qual to th« vector araa of th« fourth 

facaTfofS »  «hara   n     la th« unit normal to tha fousth faca  ^S . 

Sattlng 

on« obtalna 

* "li. J (2«) 

III  Js 
"    '% (26a) 
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First OrdT Strain 

Consider  a displacement  vector 

where  the %        «re  the physical  components of the  displacement vector 

V   , since So^i    ■re now un1t v'ct0'*-   ^      *'• not components of s 
tensor and ere thus confined to e particular coordinate system.    Taking 
the differential of equation  (27) 

(28) 

which by virtue of equation (ISb) becomes 

■{£"tD^-j 
end by equation  (16) 

- %j V ^ 
Because   V •   ' Is not symmetric,   the  following may be written: 

Vx'J i + ^z  

so that the total displacement becomes 

(29) 

uJ 
(30) 
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Hart,  th«  first  and third ttrma  rtpre«ent a pura displacement  and  a pure 

rotation ratpactlvaly and tha second  term  C-•   ff4'   du        represents  the 

strain dlsplacanant where   y-'      la  tha  strain tensor.    Tha rotation 
J 

tensor  Cij^ •     la not considered hara, but may appear later where  local 

couple* give rlaa to nontaro value«. 

Tha Straaa Tanaor 

Consider an elemental  tetrahedron ancloaed by the coordinate 
aurfacea dS :      *nd an area   dS    >    which la In equilibrium under 

torces acting acroaa theae facaa;  i.e., 

J-dS  »Z <?.   dS- (31) 
A* 

%fhara   O"   is th« atraaa vector.       CJ la an Invariant, but * Cf-    are 
not,  in the aenee  that  they ect  across « particular set  of coordinate 
face elemente.    Prom equations    (26a) and (31), 

cr « $. n. (T. y q . . (32) 

By the definition of   A  '     , equation   (25).  thene are covarlant components 

and hence, becauae of the  Invar lance of    Q*   .  the following may be 
written: 

^/j^-o-^Jj (33) 

which are now contriver lent components  of a tanaor,  and  0"    J   is defined 
aa the contravarlant of the streaa tanaor. 

Prom equetlons   (32) and  (33) 

0"    -   (T^J r\± 5^ (34) 

Alao, 

9 « <rJgj (35) 
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- temOl 

Figur« 2 

137 



•o that 

G" « OT^Jn. =2J.(T (36) 

vhere CT   are the contravariant vector compcnents of the stress normal 

to biSj . 

The three «tress vectors mey be written (Reference 1, p. 78) 

^ fi£ j Aii. crri ^tr 07) 
**-     WJ] 

-i- v^ T- (38) 

• • 

where   O'^J   define the physical  components of the stress tensor, but 
refer to a specific coordinate system and are not components of a tensor. 

Equilibrium Reletions 

In Figure 3, the stress vectors acting across the face of the 
elements of the parallelepiped formed by the three vectors "a . da 
are, referring to Figure 3, ^^ 

u, (-0 ) >c {*) fi^* 

or 

-V.^Viu'-.^^&glM^ r. ys 

i.*}*^ 
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If no couples act on this element of volume, then from equation (39), 
keeping only flrat order terms, 

<LX ^/s^- (40) 

or fron equations   (37) and  (22), 

e^ k ^      3        " (40a) 

from which it follows that 

• • 

C^J   «   crJ (4i) 

and the atrass tensor  la synmetrlc. 

The remaining equilibrium equation atates that  the aum of the forces 
acting on the element of volume are aero.    Thus, If the mass accelera- 
tion of the volumr   is ~ f f ci ^/    *nd the body forces are PFdV        * 
where 

s   YgP da    c/u    c/u 

then the equilibrium of forces is expressed by 

I 
4.4/ 

i. 'dAJL 

or by equation (37) 

iSC    +  ff'* 3; « P? T 
a«. 

which can be written 
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7i.^      /T  ^u^      ^J       ^J       "'J 7)uA' f$     Öu^ 

but 

and from «quition (15b), 

1 *K - f'X 

3u kr}^^:]*^*?^*?^ (45) 

or 

(46) 

Sine«  fT^J    it a ayoMtrlc   tensor,   the  contracted covarian». 
derivative may be written   in Che  form 

which it much simpler to evaluate  for a particular coordinate system. 

Stress-Strain Relations 

The conditions of equilibrium  (41) and  (45)   furnish six relations 
for tM determination of the nine stress tensor components.    The three 
remaining are  furnished through the  physical equation functionally 
relating the stress and strain tensors.    This functional  relationship 
may be expressed 

O-^ -f*J (Dri) (4.) 

where  the  functions sre expendable  in a Tay'ot's  series.     If this  is 
expanded, retaining only first order  term«,  the result  is e statement 
of Hooke's  lew. 
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C^j  * y^j +ä*J n p, n (49) 

or inversely 

0n ~ cn ~ cnxj ^^ 

9 - r*    - r^ = C:^ cr^ 
(50) 

wh«r« th« constant term« Coo  > /I ^ may represent initial itreas- 

itraln conditions due to polymeric shrinkage and differential thermal 
expansion. 

The tymnctry properties of s material are Independent of coordinate 
choice, so that fron the evaluation of the Hooke's lev elestic tensor a 
Cartesian frame of reference may be chosen. 

In isotropic media, such as the reinforcement or the matrix, the 

elastic tensor ^ JPI is invariant under rotation. 

^Jrt./lj^ AK
r h\ AL''kl ^J 

where A :   is s trsnsformation of pure rotation 'nd hence 
J 

0*1 A' A}  -   & 
mt 

PI 

Gn ÄI «J 6-. • 

It follows that 

(51) 

(52) 

(53) 
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where    \  , JX   ,   *1 art scalar multipliers.     In view of the «ynmetry 

A -    A     J (54) 

of <y -j and 

• 

A* 

P.. 

JkJt 

which leads to 

/u^ 
and hence 

• o that equation (49) becomes,  placing   A   J   * 0       where \. u,    are 
Lame's  constant« 

o-^J = [XJS" ♦ >" («^^ *Wk)]p,,i w: 

In generalised coordinates, 

*J « [Xj^j" ♦ ^ (3ik5ji + 5X< 5Jfc)] Pfci   (") 

Placing 

X--^—  •   M 

where E is Young's modulus of elasticity and W  i« Poisson's ratio. 
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"}'!« following is obtained (Reference I, p. 162) 

(r*J 
Mt ̂ V^V'T^V'J^ 

or 

>(58) 

(59) 

Inverting, 

(60) 

T—D«r«tur« Exoemion end Materiel Shrlnkeae 

The conatant taraa in equation (49a) can be utlllaed to repreaant 
the internal effects of polymerlaetIon ahrinkage end therm«! expansion. 

If OK represents the linear coefficient of thermal expansion end ß 
the polymeric ahrinkage. than 

(61) 
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and 

„j- jj (*T^)- i|ü **-**;** (62) 

or   Inverting 

<T^ ^ 
J  K-^ 

(63) 

'i-p; 
DiffTantl«! Eouatton« for tht Dltplacwnt Vtctor 

Equation (46), for atatlc appliad forcaa, bacorati 

Fron aquation (63), 

(64) 

(65) 

•   • Contracting  0',Cj   to    Q* ^J 
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■:i'ifM'Si&g-M['&*Jifii r (66) 

Equation (6A) now bocontt 

D -j t ai-jj^L. gl.-HÜ L **\ 

?pj   i^Ü    .   0      (67) 

or   lowering  Indices 

r 
.-2W 

If*. 
^u 

M 
auJj 

♦ 

P^J (68) 

whort        FJ 

Tj  r s.n <f  ^ Fz r cos <p 

•r« body forces In Cartesian coordinates 

are in cylindrical cooidinates. 

146 

' 



Application to • Cylindrical Coordltuf Svifm 

ut X1 -    a1 cos uk 

U1  5m   uX      )     u
X   •   ^ 

I 
(69) 

Then        S^j    *     0     ,     ^ ^ 

and 

5ii •   1   - 3»z = (w1)    iinM 1 >^mr 

3
XJ .   o ,   i f< j 

3M.  x 

Th« only nonsaro Crlatoffal aynbola of tha aacond kind art 

r (A) • - 

' (70) 

'(70a) 
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Further,  by «quatlon   (49) 

% " i (Sii ^j   * 9ji  ^xj 

whtr« by «quatlon  (27) 

v* 
<3 

Hanc«: 

11 

dr 

r-W + g] 
D»» 

D*'- 

(71) 

(72) 

u« 



Utlliting cquacluns (27) and (47) in equation (68) 

afl-aw v«*    ia-a«) r*  i<f 

iiü(3iM5*-3x«^^)   .0(7J) 

J_ J. •N, 
TFTTw) r  ©r3f "•" 2(|.<y| r   df^r 

•    • 

j_/A adü!. ik + ik . i • L HL X/ail ♦ as)+ 

(5^ «in <P ♦ 3a OJ4 f) il^ « 0      <'*> 

• 

1*9 

r 



*C j.£L^xi&. 
*^-2v;   ö^Z      ZÖ-^v)  r   di    ^ ar   dr 

= 0 (75) 
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II   «SSTMACT 

The mechanical interactions between retnfurcement and matrix in a composite 
under load have been described by stress distribution equations in the fibers 
and in the matrix.    Although special attention has been given to stresses re- 
sulting from polymerisation and temperature shrinkage,  the solutions obtained 
can be easily adapted for use with the boundary conditions of external loads. 
Several cases were considered:    (1)   a cylindrical filament of finite length 
embedded in a resin cylinder;    (2)   a cylindrical filament of infinite length 
embedded in a resin cylinder; and   (3)   a matrix supporting a central fiber 
surrounded by six symmetrically spaced fibers,  each in turn surrounded by 
six others. 
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fMM* «ctlvUy m »iMr 

■M** Ik» MM M« aMrMa 
r, giMii. ttt$mmmm of D» 

1«.   MPOrr MCUMTT CLAMTICATION:   E«Mr Ik* •««» 
•11 Mnrtty cUMtflcMM« W MM Mewl.   IMicau «MilMr 
"■••lriei*4 D««" ta ixel****,   Marti^ w to b« •■< »cc«.«. 
•«•• Mth ■ppraprnu tacwMy r«t«lMlMM. 

a*, oaoupi AMMiaiic «wN^eem« i« i^Ktfi^ t« DOD DI- 
fMtlv« t JOa 10 Mtf Af«M r*r«M latfwMHat HMML Iwar 
lha arM« ■«■*•?   Als«. «htM ateUcakl». »K«« ISM «r mnai 

in«* •••»• kMa MM far OWM 3 M« 0»o«r 4 M a«liar- 

10.   AVAILABJLfTY LMITATIOW MOTICCa   iMat My It» 
liaflaaa M farthar dtaaaauMtiM af KM tapart  aewr tkaa IIMM 
Myaaae b» MCUTI: > riaaaifir••!•*. aatag atatMai« aMtaawMa 
aacb aa 

(1) "Qualifi*a rafMaiar« m»f a>'am capia« af tkta 
rapaft kaai DOC" 

(2) "PaMtyi MMwiMCMMM a«« «aaaauaatian af ihtt 
raeaM ky DDC la aa( aaUkaftMa" 

(i>   -tt a 

X   aVOar Tm*.    tMar tha caa^lat* rMan «Mia i« all 
cMital lattara.   TlttM I« all CMM ahaaU ka «aclMaiflat 
V a awMM^al tula aaMW« ka Mlacta4 Mtkaw claaaific» 
It*« akaar iMla elaaaiflcaiiaa I« all caeMala I« yiwaiekMiA 

r MlaarUiB ika utla. 
DBCMmVI 

a-». I« 
OIM ika inclMiva 4mm» «kMi a a^acific 

•ataf tka lyp» o» 
at riaai. 

tin« M»io4 la 

Mara akaii 

a aaaaataa man aktaia <a*iaa af 
j Imm DOC   dtaa» MaliAa4 DOC 

(4)    "U. a MllMry 
fapart Otractly 

II raaaaat ti 

IM a«* aktaia aaelM af tkia 
DOC   Otkar «ualifia« oaara 

(»    "All (UalKkMtM ol tkta 
>**4 DOC w 

la 

a   AVTHOmt*   tmf ika aM^a) af autkoKa) aa akawa on 
M la tka raaaat.   taiar la« aaaw. ftrat aaaw, aMMIa mifai. 
If MlManr. aka» raA aa« kraack af aarvico.   Tka aaaw af 
tka prMHyal aat'a» la m akaalMa artaMaa ia«al»aanat 

a   RVOKT DATS   tMar tka 4a«a af tka rapart aa 4ay, 
r awth. MM   If tkar« Ikaa OM 4at« 
aM AM« af «akltcatiaik 

»•   TOTAL NVMOBB Or PAoaa   Tka latal pac« CMM 
akaaM Mia« aaaaal paftaatlaa pra—e—. tab, «awt Ik« 
aaa*ar af pept « 
ra Entar tk« total DUMM« or earMtNcaa 

•a eM«4 ut ika rapaat. 

•a.   OOimiACT OB OKANT NUMBIK:   If mmm**, «M« 
Ika apallcaWa naaibar «f tka caMrart o» «rant naitt aktck 
ika tapaa «raa «ntta» 

•ft. a, a M. raOJBCT NUMBEK BMM tk« Mpraprtai« 
• ilitary Maartatant iMntidcali««. aack a« proiaci nuwbot 
attkaraiact «uadiot. ayaiaai awakara. laak waakai. ate. 
•a.   ORT     NTOa't ROTOirT NUMBBIt(S).   laiar tka «rft- 
ctal rap«    «M*M ky wktrh tka «Maaiant will ka Itfatatfiad 
aatf rontrol!«4 ky tk« MigitiatMi arttvity.   Tkia —MkM «uat 
ka uatatt« ta thia IM art. 

•ft. OTNKa RKTOrr NUMBCJKB) ll tka rapon hM k«M 
naaignM any «tk« rapaft ataafcara ' -nihmr bt ihr an§tn0tt 
or bv iht tponaor)  alao aMM tkta <aaaka*(a). 

If tka raa«« kM kaaa (wtaakM t« tka Ofllc« af TarkMcal 
Mrvtcaa. D^atail af Caaanataa, to« Mia ta tka Kftf* 
cata tkta fMt aa4 aMar tka prtaa. If ka««M 
li. turrLBiBirrAeY Norn  Wm tm aatmm* aapiMa 
tary aaM» 
li.   VOmOMHO MtLITAKY ACTtVtTY    K«M (IN MM af 
tka a^aMawaia! ►»•)«ct afaca «t lakaatin ^aaaarta« faar 
■f^ It) tka ra-Marak aa« inrtipai,   la«la«a tiOm 
M   ABSTRACT  Satar M akatrart gl*ia« a krtaf aM fa«tMl 
aimHnary of tka doc>m>«nt iMicati«« ol Uta Mpaft, »van tk«a«li 
it way ala« «Maar alMaikaia la tka k««y af tka MCIMIMI ta- 
pert    If additional «p«r* '• K«atoa<   a cMUaMilaa akaat 
•hall ka aftarka«. 

It ta highl» «aatrabla that tka abatran af clMaifla« ra- 
porta b« anrlaaatna«    tack parapapfc «f tk« akawact akall 
oiwl with an m-tiraiion af tka iMlliary aactally elaaaiflcaiiaa 
of tb« infor ition la tk« paragraph, rapraaaata« aa 'Til  'S) 
(C>. «r (V) 

Thar« la no limitatle« n« ibo laaat» «f th« abatraet    Mow 
a lit ta aas •v«r   th« augg««i«<t l«tigth ia fro« 

14   KKY kOBM    K«y war«« ara tackalcally -»aaningful tarma 
or abort phraaaa thai rharactart«« a rapart aa« «ay ka «a«4 aa 
indaa «fMr>«a for r«tale«t«g tka raaart    Kay w«t«a «mat k« 
a»l«ct><* ao that no aacvrtty rlaaaifu «»ion ia raaairad     Ma« 
flats, aurh aa «quiptaot« meMI ««aigaatlan   tra«« aama. mili- 
tary pro|«rt roM tmmm. gaopraphic loratloa. atay b« uaad «a 
b«v wonta but will h# folleawd bv an inatratioa of ladtaic^l 

..«!»■■     Tit« aaaignnwnt   •' Unha   rul«a   and wvigttta ia 
<iptional 

Uncla« «ified  
$acvrity Classiricatioii 


